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Abstract

In this paper, synchronization of multiple integer order and fractional order multi-scroll Chenchaotic systems
through polynomial fuzzy modeling using polynomial fuzzy control method is presented. For synchronization of
multiple chaotic systems, fuzzy control is designed to ensure that multiple response systems are synchronized
with one excitation system. Sum of squares methodis used to find feedback gains of the polynomial controller.
Finally, simulation results show effectiveness and high efficiency of the proposed method.
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1. Introduction

Synchronization of multiple chaotic systemshas attracted attentions recently [1]. This issue has a promising
future for multiple communication and other engineering areas both in theory and applications [2-5]. Various
synchronization schemes have been proposed for multiple chaotic systems. Like complete synchronization [6-
8], anti-synchronization [9], projective synchronization, ring synchronization [10] and hybrid synchronization
[11, 12]. Two types of synchronizations have been presented to link multiple chaotic systems. One of the
multiple response systems is synchronized with slave systems. In another case, ring transmission
synchronization mode is performed among multiple systems with a ring connection [13-15]. These cases are
applied successfully in hybrid and information engineering networks. Various synchronization schemes have
been developed in the literature like linear and nonlinear feedback control [6,7], direct design method [8-10],
pulse control [16], sample data control [17], link control [18].

Most studies performed on synchronization of multiple systems have not used polynomial fuzzy model. In this
study, the main aim is synchronization of multiple chaotic systems through polynomial fuzzy modelling.

A fuzzy model is a mathematical tool for representing a nonlinear system. This fuzzy model is then used to
analyze and design a controller. Various fuzzy models have been presented. Among these models, linear and
polynomial type-I and type-II fuzzy sets can be mentioned.

Although T-S fuzzy system has shown various advantages, but it has some disadvantages. Considering
nonlinearity concept, a mathematical model can be described as a T-S fuzzy model by considering acompact
agent area. Then, T-S fuzzy model can be considered as a local nonlinear model. Analytical results of the T-S
fuzzy model are valid when the system operates in the operational area of interest. Results obtained from LMIs
are very conservative and consequent section of the T-S can be written only as a linear matrix. This problem can
be resolved by shifting linear subsystems in the consequent section of rules using polynomial systems. This
model is called type-I polynomial fuzzy controller. Despite existence of polynomials in subsystems, this fuzzy
model can model a wider range of nonlinear systems. In the polynomial fuzzy system, the fuzzy controller is
based on sum of squares(SOS) and polynomial fuzzy modelling is more effective than fuzzy controller based on
LMI [19]. Consequent section of the polynomial fuzzy model is comprised of polynomial matrix. Therefore,
stability condition of SOS is more general than stability condition of LMI [20].

Therefore, polynomial fuzzy systems give more simple measures for analyzing stability and designing
controllers. Number of local models is generally less than T-S fuzzy systems and SOS design conditions
consider design methods based on LMI for T-S fuzzy model as a particular case.
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Error dynamic state feedback fuzzy controllers have dynamics at their output which is determined using a set of
first order differential equations. This type of fuzzy controllers is used to track reference control and reject
disturbance.

In this study, first, Chen master chaotic system and two slave systems are transferred to equivalent polynomial
fuzzy models. Then, a polynomial fuzzy controller is designed to synchronize master and slave polynomial
fuzzy models. Polynomial fuzzy controller is designed considering SOS conditions which can be done using
SOS optimization tool called SOSTOOLS [21].

Fractional order calculus has been used in many areas including electronics, mechanics, electrical engineering
[22-25]. Recently, it has been proved that fractional order differential equations are better than integer order for
modelling many physical phenomena in science and engineering [26]. Fractional order chaotic systems might
have more useful applications compared to integer order systems. Chaotic behavior has been observed in several
fractional order systems like Chen [27], Lorenz [28], Lu [29] and Rossler [30]. Synchronization of fractional
order systems has increased among researchers due to their potential applications [31-34]. Considering previous
studies, fractional order multi-state synchronization has been considered in a few studies [35]. Considering the
above discussion, in this paper, polynomial fuzzy modelling and synchronization of multiple fractional order
multi-scroll Chen systems is considered. According to the previous studies, synchronization of multiple
fractional order multi-scroll chaotic Chen systems has not been considered.

The rest of this paper is organized as follows. Section 2 presents model of the integer order system and problem
formulation. Section 3 describes fractional order chaotic system model and fractional order formulation. Section
4 presents simulation results. Finally, section 5 concludes the paper.

2. System Description and Formulating Synchronization of Multiple Integer Oder Chaotic Chen Systems
A multi-scroll chaotic Chen system is considered as follows:

X, =a(X,—X,)

X, =(—-a—-X,+d sinx,)x, +cx, (1)

X; =X X, =bx,
Where X, ,X,,X; are state variables and a, b, ¢ and d are system parameters. Such that

a=35,b =3,c =28,d =8. A Chen multi-scroll attractor is shown in Figure 1.
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Figure 1. Phase curve of x3,x2 of the Chen multi-scroll chaotic system

In order to present master and slave synchronization problem, master slave is considered as follows.
Master chaotic system:

Xml =a(Xm2_Xml)
Xy, =(C—a—X,,+dsinX;)X,, +CX, (3)
Xm} =XmiXm2 _bxm3

First slave chaotic system:
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Xsl =a(xsz_xsl)+ull

X, =(C—a—Xg, +d sinX )X, +CX, +U,, (4)
X3 =X Xgp —DX 5 +U,

Second slave chaotic system:

Y =a(Xg, —Xg,)+U,,

Y., =(C—a—Xg,+d sinX ;)X , +CX, +U,, (5)

ys3 =X X —bXS3 +Up

X 125X 5 are state variables of the master chaotic system and X,,X,,X; are state variables of

where X

mi1>m2>

the first slave chaotic system and Y,,Y,,,Y; are state variables of the second slave chaotic system.
u,,u,,u,; and U, ,U,,,U,; are control inputs of the first and second slave chaotic systems which should be
designed to synchronize master and slave systems.

2.1. Design of Polynomial Fuzzy Control for Synchronizing Integer Order Chaotic Systems

In this section, design of polynomial fuzzy control is presented for synchronization of master chaotic system (3)
and slave chaotic systems (4) and (5). In this design, master and slave chaotic systems are transferred to
equivalent polynomial fuzzy models. Then, a polynomial fuzzy model is designed for synchronization of
polynomial fuzzy master and slave models which are equivalent to main master and slave chaotic systems.

A. Polynomial fuzzy model of the chaotic system

Master chaotic system (3) and slave chaotic systems (4) and (5) can be represented accurately as polynomial
fuzzy models:

h: (XA (X)X, (6)

h, (XA, (X)X +U,(7)

2
Xp=2,
i=l
2
XS
i=l
2
Yo =2 MYOA (Y)Y, +Uy(®)
i=1
ro. T
Where X, =[Xm1 Xma2 Xm3] is state vector of the master system, X, =[XSl X, XS3] and

T
Y, = [ysl Yo Y 3] are state vectors of the first and second slave systems and U =[U; U, U] is

the control input. h, (X) is the normalized membership degree, A, (X )€ R"™ is system matrix where n is

dimension of the system equal to3.

And

6(smxm33 —X3) A1 X #0

hl(xm)= Xm3
0, Xpn3 =0

hZ(Xm)zl_hl(Xm)

6(sz533—X53)+1 X, #0

hl(xs): X53
0, X3 =0

hz(xs)zl_hl(xs)
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6(Sinys3 —Ys3)
h(y,)= Y
0, Y;=0

+1 y,,#0

hz(ys)zl_hl(ys)

—a a o0
AXy)=lC-a—X,; C dx
X 2 0 -b
—-a a 0
A,(Xp)=[C—a—Xy; C dxml(l_xri3/6)
X2 0 -b
—-a a o0
A(xy)=|lc-a—-x, Cc dx
Xq, 0 -b
-a a 0
A,(x.)=|c-a-Xx, ¢ dx ,(1-x2/6)
Xq, 0 -b
-a a o0
Al(ys): C-a-y,; C dysl
ysZ 0 _b
—a a 0
Az(ys): C_a_ys3 c dxsl(l_y523/6)
ys2 O _b

B. Design of a Polynomial Active Fuzzy Controller

el=X,—X,and €2=Yy —X,, are defined and a polynomial fuzzy controller is designed to synchronize
master chaotic system (3) and slave chaotic systems (4) and (5) as follows:

u,=u,, +u; (7

with

u,, =—Zz:hi (XA (X)X, +22:hi (XA (X)X (8)

Ug =_(Zhi (Xm)Fi (Xm))EI'(9)

u,=u,, +U;,(10)
with

Uny = =2 M (YOA (Y)Y + 21 (XA (X )X (1)
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Upy == (X F; (X)) 2. (12)

Theorem 1. Master chaotic system (3) and slave chaotic systems (4) and (5) can be synchronized using
polynomial fuzzy controller (7) and (8). If there exists a definite matrix X € R 3 and polynomial matrices
M, (x,)eR 3 such that the following conditions are met:
VI(X —gly is SOS (13)

T T
v (M| (Xm)+M i (Xm)_82| )‘/ (14)
is SOS i=12
Where &, and &, are small positive values. In this case, feedback gain in (9) and (12) is obtained as follows:

-1

(X)) =M; (x,)X 7 (15)

Proof. Chaotic system (3) and slave chaotic system (4) are transferred to polynomial fuzzy models (5) and (6).
Therefore, system error can be defined as follows:

el=x,—X,
16

e2=y, —xm( )

2 2
€1=X, =X, =D h (XA (X)X, +ul=D h (X DA (X)X,

o - (17)
é2=ys _Xm :Zhi (ys)A| (ys)ys +U2_zhi (Xm)Ai (Xm)xm

i=1 i=1

Lyapunov function is defined as follows:

3 3
V (elLe2)=PY ell +P ) e2] (18)

i=1 i=1

1
— 0 0
2
1 -1 L . .
Where P =| 0 E 0 {=X . Then, derivative of V is obtained as follows:
1
0 0 —
2]

V (e) =e”Ee'll )+€,,6,, 8,65 +€,,(€,,) +€,,6,, +€,,6,, =

e (L3 06 A, 06,06, 1= 3 0 DA G g 10,04
e[, 0 0= D, 0, (g 1)+
e 0 )A, 640001~ 2, (DA, X )+ (19
€2 (3 (Vo)A (Y1~ 20, 0 A, g 6 1 1)+
en([ihi 3 A Y02 1= D (DA, (K )X ]+, +

i=1

e23([Zhi (ys3)Ai (ys3)ys3]_zhi (Xm3)Ai (Xm3)xm3]+u23)
If
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2 2

uy, :_Zhi (Xsl)Ai (Xsl)xsl +zhi (Xml)Ai (Xml)xml U
i=1 i=l
3 2

U, Z—Zhi (st)Ai (st)xsz +zhi (sz)Ai (sz)sz U
i=1 i=l

2 2
Us = _z hi (Xs3)Ai (Xs3)Xs3 +Zhi (Xm3)Ai (Xm3)xm3 tUsgs
i=1 i=l
(20)

2 2
U, :_Zhi (ysl)Ai (ysl)ysl +Zhi X DA (X )Xy Uy 5
i=1 i=1

2 2
Uy = _Z hi (Y 2)A (Y 2)Ys2 +zhi (XA (X)X yp +U 5

i=1 i=l1

2 2
Uy = _Z hi (ys3)Ai (ys3)ys3 +zhi (Xm3)Ai (Xm3)xm3 +Us o3
i=1 i=1
Then
\ =€ U U, +E UG 3 +E, U, +85Up o, +E,55U¢ 3 (21)
By substituting us, we have:

V- = _ZZ: hi (Xml)Fi (Xml)e121 _Zz:hi (sz)Fi (sz)e122 _Zz:hi (Xms)Fi (Xm3)elzs

2 2 2
_Zhi (Xml)Fi (Xml)e221 _Zhi (sz)Fi (sz)e222 _Zhi (Xm3)Fi (Xm3)ezz3 (22)
i=1 i=1 i=1

<=0
It is assumed that k>0.
By applying (15) to (22), we have:

~(PM; (X)) )P +P(-M; (x ,)P) <0

T s
=>M,;X,,) +M;(X,,)>0,1 =1,2,3 23)
Inequality (23) is established if (13) and (14) are held. It is assumed that k>0. Since F, (X ) in (15) is positive

definite SOS,V <0 is held.
3. System Description and Formulating Multi-State Synchronization of Fractional Order Chaotic Chen
System

Fractional order chaotic Chen system is represented in (24):
q —
DX, =a(x, —X,)
D, =( —a—x,+d sinX,)x, +¢X,

D, =x X, —bx
3 142 3 (24)
In whichD % is derivative with fractional order of q where ( € (0,1) The system is simulated using

Graunwald-Letinkov definition of differentiation.Graunwald-Letinkon definition of differentiation is as follows
[35].

1, L J(d :
D/t (t):th_f)};lh—qz =D (j jf (t—jh) s
i~

| |
Where [q ) = q: = q: = F(q b 1)

i) Qa-i)! ja-i)! TG +Dr@-j+D)
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—a . o - . .
If N = —— where a is a real constant describing a limit value and the following can be written:

1, (9 ,
q _ 1! —
D =limea (1) (jjf (t—jh) )

In numerical calculation of fractional order derivatives, numerical approximation of q" derivative at kh points
(k=1,2,...) preserves the following state:

k
_ i(d .
(k -L, /h)D7f ®)~h™ > (-1)’ (j f -i)aen
=0
Using Grunwald-Letinkov definition, a fractional order system can be defined as follows:

DI t)=f (x,t)es)

In order to analyze stability of systems similar to (4), a fractional order expansion of Lyapunov direct method
has been presented in [36] which is given in Theorem 1.

Theorem 1. (Fractional order expansion of Lyapunov direct method). Assume that y=0 is a balance point for
non-autonomous fractional order system. Assume that a Lyapunov function V(t,x(t)) and K-class functions

5i =(| =1,2,3) are held:
S (Ix D=V (t,x @) <o(Ix [)) @)
DV (t.x ) <&5(1x ) oy

Where (] € (0, 1) . Then, system (3) is asymptotically stable.
Phase curve of fractional order Chen system with q=0.99 is shown in Figure 2.
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Figure 2. Phase curve of x2,x3 of the fractional order Chen system

In order to present master and slave synchronization problem, the master system is considered as follows:
Master chaotic system:

q —

D Xml_a(xmz_xml)

D ,,=(C—-a—-X,,+dsinX )X, +CX,, (31
Ay —

D X3 = XniXma2 _me3

First slave chaotic system:
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DX, =a(X,, —X¢,)+U,,

DX, =(C —a—X; +d sinX ;)X , +CX,, +U,, (32)
DX 3 =X X, =X 5 ++U 5

Second slave chaotic system:

qu51 :a(xsz_xsl)+u21

D, =(-a—X,,+dsinX )X, +CX, +U,, (33)

q _
D Y3 =Xg1Xs, _bXs3 +Uy

Where X ,X ,,X,; are state variables of the master chaotic system and X,,X,,X,; are state variables of

mi>“m2> s1>™s2

the first slave chaotic system and Y,,Y,,Y,; are state variables of the second slave chaotic system.
u,,u,,,u,;; and U,,,U,,,U,; are control inputs of the first and second slave chaotic systems which should be
designed to synchronize master and slave systems.

3.2. Design of a Polynomial Fuzzy Control for Synchronization of Fractional Order Chaotic System

In this section, polynomial fuzzy control is designed for synchronization of master chaotic system (31) and slave
chaotic system (32) and (33). In the following, polynomial fuzzy model of the chaotic system is described.

A. Polynomial fuzzy model of the chaotic system

Master chaotic system (31) and slave chaotic systems (32) and (33) can be represented accurately as polynomial
fuzzy models:

2
D%, =2 h (XA (X)X, (34)
i=l1

2
DX, :Zhi (XA, (X)X, +U,(35)

i=l1
2

Dy, = h (YA (Y)Y, +U,(36)
i=l

X

m3

U U
m2 ] is state vector of the master system, X :[Xsl Xso Xs3] and

Where X, =[Xm1 X

T
Y, = [ysl Y y53] are state vectors of the first and second slave systems and U =[U, U, U] is

the control input. hi (X) is the normalized membership degree, Ai X)e R s system matrix where n is

dimension of the system which is 3 and its structure is similar to the one described for integer order system.

B. Design of a Polynomial Active Fuzzy Controller

el=X,—X,and €2=Yy_ —X,, are defined and a polynomial fuzzy controller is designed to synchronize

master chaotic system (31) and slave chaotic systems (32) and (33) as follows:
u,=u, +u;, (37
with

u,, :—Zzlhi (XA, (X)X, +Zzlhi (XA (X)X, (38)

Ug :_(Zhi (Xm)Fi (Xm))el'(39)

u,=u,,+u;, (40)
with
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Uny == M (YOA (Y)Y + 20 (XA, (X)X (4D)

Ui, = _(Zzl hi (X )R (X ))e 2. (42)

Theorem 2. Master chaotic system (31) and slave chaotic system (32) and (33) can be synchronized using
polynomial fuzzy controller (37) and (40) if there exists a definite matrix X € R 3 and polynomial matrices
M, (X, ) €R™ such that the following conditions are met:

VI(X —gly is SOS 43)

VIMT 00) M () =65 W

is SOS i1=12

Where &, and &, are small positive values. In this case, feedback gain in (9) and (12) is obtained as follows:
F(X,) =M, (x,)X ' @45)

Proof. Chaotic system (31) and slave chaotic systems (32) and (33) are transferred to polynomial fuzzy models
(34), (35) and (36). Therefore, system error can be defined as follows:
el=Xx,—X,

46
e2:ys—xm( )

2 2
qul=)<s _Xm =Zhi (Xs)Ai (Xs)xs _H'Il_zhi (Xm)Ai (Xm)xm
-=2 -_2 (47)
D%2=y, =X, =2 0 (YA (V)Y +U2= D h (XA (X)X,
i=1 i=1
Lyapunov function is defined as follows:

3 3
V (ele2)=PY el] +P ) e2] (48)
i=l1 i=l1

Where P = X ~'. Then, derivative of V is obtained as follows:
: _ q q q q q q _
V()=e,(D",,)+e,D%, +e,D%,+e, (D", )+e,, D%, +e,;D,, =

€0 (120 XD (600X 1= 2 (X DA (K X 1+ ) +
12([Zh (Xe2)A (Xgp)X 5] = Zh (K 2)A; (X)X ]+ ,) +

Xn3)A (X p3)X 3] +U5) + (49)

el3([Zhi<xs3>Ai(x53)x33 20
e (LN (Vo)A (Yo)Y 1= 2

X DA (X )X 10, +

22( Zh (ysz)A (ysz)ysz Z mz)Ai (sz)xm2]+u22)+

23([Zh (yS3)A (ys3)ys3] Zh (XmS)A (Xm3)xm3]+u23)

If
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2 2

uy, :_Zhi (Xsl)Ai (Xsl)xsl +zhi (Xml)Ai (Xml)xml U
i=1 i=l
3 2

U, Z—Zhi (st)Ai (st)xsz +zhi (sz)Ai (sz)sz U
i=1 i=l

2 2
Us = _z hi (Xs3)Ai (Xs3)Xs3 +Zhi (Xm3)Ai (Xm3)xm3 tUsgs
i=1 i=l
(50)

2 2
U, :_Zhi (ysl)Ai (ysl)ysl +Zhi X DA (X )Xy Uy 5
i=1 i=1

2 2
Uy = _Z hi (Y 2)A (Y 2)Ys2 +zhi (XA (X)X yp +U 5
i=1 i=1

2 2
Uy = _Z hi (ys3)Ai (ys3)ys3 +Zhi (Xm3)Ai (Xm3)Xm3 U
i=1 i=l

Then
Vo=@ Upyy +85U¢ 1 +83U¢ 13 +€,Up 5y 80U 5y T8¢ 53 (51)
By substituting us, we have:

V- = _ZZ: hi (Xml)Fi (Xml)e121 _Zz:hi (sz)Fi (sz)e122 _Zz:hi (Xms)Fi (Xm3)elzs

2 2 2
_Zhi (Xml)Fi (Xml)e221 _Zhi (sz)Fi (sz)e222 _Zhi (Xm3)Fi (Xm3)ezz3 (52)
i=1 i=1 i=1

<=0
It is assumed that k>0.
By applying (45) to (52), we have:

~(PM; (X)) )P FP M (xn)P) <0,

=M; (X)) +M;(X)>0,i =1,2,3
Inequality (53) is established if (43) and (44) are held. It is assumed that k>0. Since Fi (x m ) in (45) is positive

53)

definite SOS,V <0 is held.
4. Simulation and Results

4.1. Simulation of Integer Order
In numerical simulations, initial condition of the master system is (X;,1(0),X12(0),X3(0)) =(-9,-5,14),
fist slave system s (Xg1(0),Xg2(0),Xs3(0))=(2,7,—10) and second slave system is
(ysl(O), Ys 2(0), y53(0)) =(—5,—3,3). Total simulation time is 6s and time step is 0.001s. Figures 3-5 and 6-

8 show synchronization between states of master and first slave system and synchronization between master and
second slave system. Figures 9 and 10 show synchronization error between master and first slave system and
master and second slave system, respectively.
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It can be seen that synchronization errors converge to zero fast. It is also seen that synchronization is done in
0.3s.

4.2. Synchronization of Multiple Multi-Scroll Chaotic Chen Systemsusing Fractional Order Polynomial
Fuzzy Model

In this case, fractional order value of the master and the first slave system and the second slave system is 0.97
and 0.94, respectively. Initial condition and parameters are similar to the integer order model. Time step is
0.001. Simulation is performed for synchronization of multiple systems. Figures 11-13 show synchronization of
the master and the first slave system and figures 14-16 shows synchronization of the master and the second
slave system. Synchronization error for these two cases is shown in Figures 17 and 18.
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According to Figures 17 and 18, it is seen that errors have converged to zero fast. Table 1 compares the time
taken for the error to reach 0.05.

Table 1. Comparing convergence time of integer order and fractional order chaotic systems

e23 e22 e2l el3 el2 ell States/ Convergence time
0.313 0.256 0.288 0.344 0.307 0.300 Integer order
0.264 0.203 0.237 0.305 0.263 0.252 Fractional order

It can be seen from Table 1 that convergence time in fractional order mode is reduced compared to the integer
order mode. It is seen in simulations that if time step of the integer order chaotic system is dt=0.01, the system
tends to infinity and becomes unstable. This is also checked for the fractional order chaotic system and the result
indicates that the system does not become unstable.

5. Conclusion

In this paper, a polynomial fuzzy control design strategy is presented for synchronization of multi-scroll
fractional order and integer order Chen chaotic systems. Polynomial fuzzy systems can model a wider range of
nonlinear systems. Fractional order systems can offer a more accurate model compared to integer order systems.
Using SOS tools, stability of the system is investigated and feedback gains of the polynomial fuzzy controller
are obtained. Simulations are performed for fractional order and integer order systems. Results show that the
proposed scheme has synchronized two fractional order chaotic Chen systems using fuzzy control for two
integer order and polynomial fractional order systems with a high speed. In future studies, intelligent
optimization algorithms can be used to adjust parameters of the polynomial fuzzy controller such that
synchronization error and convergence time are reduced.

DOI: 10.21817/ijet/2019/v11i4/191104083 Vol 11 No 4 Aug-Sep 2019 1034



ISSN (Print) :2319-8613
ISSN (Online) : 0975-4024 Ali Akbar Kekha Javan et a. / International Journal of Engineering and Technology (IJET)

(21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
(31]

[32]

[33]

[34]

[35]

[36]

DOl

References:

X. Chen, J. Qiu, J. Cao, F. E. Alsaadi. Adaptive control of multiple chaotic systems with unknown parameters in two different
synchronization modes. Chen et al. Advances in Difference Equations (2016) 2016:231 DOI 10.1186/s13662-016-0959-3.

JH. Park , D.H. Ji, S.C. Won , S.M. Lee , H o synchronization of time-delayed chaotic systems, Appl. Math. Comput. 204 (2008)
170-177 .

D.H. Ji, S.C. Jeong , J.H. Park , S.M. Lee , S.C. Won , Adaptive lag synchronization for uncertain complex dynamical network with
delayed coupling, Applied Mathematics and Computation. 218 (2012) 48724880 .

T.H. Lee , Z.-G. Wu , J.H. Park , Synchronization of a complex dynamical network with coupling time-varying delays via sampled-
data control, Appl. Math. Comput. 219 (2012) 1354-1366 .

X. Liao and P. Yu,Application to Chaos Control and Chaos In: Absolute Stability of Nonlinear Control Systems. Mathematical
Modelling: Theory and Applications, 25 (2008)Springer, Dordrecht.

Y. Liu, L. Lii, Synchronization of n different coupled chaotic systems with ring and chain connections, Appl. Math. Mech. 29 (10)
(2008) 1181-1190 .

Y. Tang , J. Fang , Synchronization of n-coupled fractional-order chaotic systems with ring connection, Commun Nonlinear Sci.
Numer. Simul. 15 (2) (2010) 401412 .

X. Chen , J. Qiu , Synchronization of n different chaotic systems based on antisymmetric structure, Mathematical Problems in
Engineering. Volume 2013, Article ID 742765, (2013), 6 pages. http://dx.doi.org/10.1155/2013/742765.

X. Chen, C. Wang, J. Qiu ,Synchronization and anti-synchronization of n different coupled chaotic systems with ring connection, Int.
J. Modern Phys. C 25 (4) (2014) 12 .

X. Chen , J. Qiu, J. Cao , H. He , Hybrid synchronization behavior in an array of coupled chaotic systems with ring connection,
Neurocomputing 173 (3) (2016) 1299-1309 .

C.M. Jiang , S.T. Liu , Generalized combination complex synchronization of new hyperchaotic complex li-like systems, Adv. Differ.
Equ. 214 (2015) 1-17 .

J. Sun , Y. Shen , G.D. Zhang , Combination—combination synchronization among four identical or different chaotic systems,
Nonlinear Dyn. 73 (2013) 1211-1222 .

J. Sun, Y. Shen , G.D. Zhang , Transmission projective synchronization of multi-systems with non-delayed and delayed coupling via
impulsive control, Chaos, 22 (2012) 043107 .

L. Cheng , X. Chen , J. Qiu , et al. , Transmission projective synchronization in an array of identical coupled chaotic systems,
Proceedings of the 33rd Chinese Control ConferenceJuly 28-30, (2014), Nanjing, China.

X. Chen, J. Cao, J. Qiu, C. Yang , Transmission synchronization control of multiple non-identical coupled chaotic systems.Advances
in Neural Networks.— ISNN 2016. Lecture Notes in Computer Science, vol 9719 (2016). Springer, Cham.

X. L. Chai, Z. H. Gan. Function Projective Lag Synchronization of Chaotic Systems with Certain Parameters via Adaptive-impulsive
Control. International Journal of Automation and Computing. (2019) 16:238.https://doi.org/10.1007/s11633-016-1020-4.

Y.J. Liu, S.M. Lee , Synchronization of chaotic lure systems using sampled-data PD control, Nonlinear Dyn. 85 (2) (2016) 981-992 .
P. Li,J. Cao, Stabilisation and synchronisation of chaotic systems via hybrid control, IET Control Theory Appl. 1 (3) (2007) 795-801

K. Tanaka, H. Yoshida, H. O. Wang. A sum-of- squares approach to modeling and control of nonlinear dynamical systems with
polynomial fuzzy systems.IEEE Transactions on Fuzzy Systems, 17, ( 2009) 911-922.

G. R. Yu, H. T. Huang. A Sum-of-Squares Approach to Synchronization ofChaotic Systems with Polynomial Fuzzy
Systems.International ~ conference on Fuzzy Theory and Its Applications (iFUZZY2012), Taichung, Taiwan,
(2012).DOI:10.1109/iFUZZY .2012.6409696.

S. Prajna, A. Papachristodoulou, and P. A. Parrilo. Introducing SOSTOOLS: A General Purpose Sum of Squares Programming Solver.
Proceedings of IEEE CDC (2002).

S. Abbas, M. Benchora, Y. Zhou. Coupled Hilfer fractional differential systems with random effects .Advances in difference
equations.(2018) 2018: 369.

S. Pattanaik, Astudy on fractional calculus and its application in electronics. European Journal of Applied Engineering and Scientific
Research, 2014, 3 (4):27-30.

G. U. Vaieschi. Applications of Fractional Calculus to Newtonian Mechanics. Journal of Applied Mathematics and Physics, 6, 1247-
1257 (2018).

M. F. Ali, M. Sharma, R. Jain. An application of fractional calculus in electricalengineering. Adv. Eng. Tec. Appl. 5, No. 2, 41-45
(2016).

P. Muthukumar, P. Balasubramaniam, K. Ratnavelu. Sliding mode control design for synchronization of fractional order chaotic
systems and its application to a new cryptosystem. K. Int. J. Dynam. Control (2017) 5: 115. https://doi.org/10.1007/s40435-015-0169-

y.
C. Li, G. Chen. Chaos in the fractional order Chen system and its control. Chaos Solitons Fractals 22:549-554, 2004.

1. Grigorenko, E. Grigorenko. Chaotic dynamics of the fractionalLorenz system. Phys Rev Lett 91:034101, 2003.

X. Y. Wang. M. J. Wang. Dynamic analysis of the fractional- order liu system and its synchronization. Chaos 17:033106 (2007).

C. Li, G. Chen. Chaos and hyperchaos in the fractional — order Rosller equations. Physica A: Statistical Mechanics and its applications.
341 (2004) 55-61.

C. Huang, J. Cao. Active control strategy for synchronization and anti-synchronization of a fractional chaotic financial system. Physica
A 473 (2017) 262-275.

A. C. Escamilla, J. F. Gomez — Aguilar, L. Torres, R. F. Escobar- Jimenez, M. Valtierra- Rodriguez. Synchronization of chaotic
systems involving fractional operators of Liouville-Caputo type with variable-order. Physica A: Statistical Mechanics and its
Applications487, (2017) 1-21.

M. K. Shukla, B. B. Sharma. Backstepping based stabilization and synchronization of a class of fractional order chaotic systems.
Chaos, Solitons and Fractals 102 (2017) 274-284.

S. T. Ogunjo, K. S. Ojo, I .A. Fuwape. Comparison of Three Different Synchronization Schemes for Fractional Chaotic Systems.
Fractional Order Control and Synchronization of Chaotic Systems, Studies in Computational Intelligence , vol 688, (2017), Springer,
Cham.

V. K. R. Kumar. A. Y. T. Leung, S. Das. Dual phase and dual anti-phase synchronization of fractional order chaotic systems in real
and complex variables with uncertainties. Chinese Journal of Physics. 57(2019), 282-308.

N. A. Camacho, M. A. Duarte — Mermoud, J. A. Gallegos.Lyapunov functions forfractional order systems. Commun Nonlinear Sci
NumerSimulat. 19 (2014) 2951-2957.

: 10.21817/ijet/2019/v11i4/191104083 Vol 11 No 4 Aug-Sep 2019 1035





