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Abstract— In this paper, we consider E-b-metric space, which is a generalized vector metric space.The 
metric is Riesz space valued. Here, we prove some results concerning common fixed point for four 
mappings on E-b-metric spaces. This generalizes the results of  Rahimi, Abbas and  Rad [4 ]. 
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I. INTRODUCTION 

Rahimi, Abbas and Rad [15] established few common fixed point results on ordered vector metric spaces for 
four mappings. Motivated by their work, we extend  some of their  results of  common fixed point theorems for 
operators defined on Ebmetric space. Altun and Cevik( [7],[8]) have proved some results for vector metric 
space, which is Riesz space valued metric space.  Ebmetric space was defined by Petre [13]. He combined  
the notions of vector metric space and bmetric space . We recall the basic concepts and notations introduced by  
Altun and Cevik ([4],[6]) and  Petre [13]. 

We follow notions and terminology by Aliprantis and Border [3] and  Luxemburg and Zannen [11] for Riesz 
spaces. 

Definition 1.1. A partial order is a binary relation    on a set X which is reflexive, antisymmetric and 
transitive .A set with partial order is called a partially ordered set . A partially ordered set (X,  ) is said to be 
linearly ordered or totally ordered or a chain if for each pair x, y  X,  we have either  x    y or  y    x. 

A partially ordered set in which every two elements has a supremum  or an infimum is called a lattice.A lattice 
in X is said to be complete if every subset has supremum or an infimum and  Dedikind complete if every 
nonempty subset which is bounded above ( below),  has a supremum ( infimum). 

A sequence (bn) is said to be order Cauchy (oCauchy) if  there exists a sequence  (an)  in E such that an  0 and 
|bn  bn+p|  ≤  an holds for  n and p. 

Definition 1.2.  A real vector space equipped with partial order vector space  ( E,  ≤ ) is said to be partially 
ordered vector space if for  x, y, z  E and  α    0, 

(i) x    y implies x + z    y + z. 
(ii) x    y impies αx    αy. 
Definition1,3.  A partially ordered vector space which is also a lattice under its ordering, is called a Riesz space. 

Notation: If  (xn) is a decreasing sequence in a Riesz space E such that g.l.b. xn  = x, we write 

xn    x. 

Definition 1.4.  A Riesz space is said to be Archimedean if  
1

a 0
n

      a  E+  where 

E+  =  {a  E : a  ≥  0}. 

Definition 1.5.  A sequence  (bn)    in a Riesz space E is said to be order convergent to b, 

   written   as bn 
0  b or o-lim bn = b if there exists a sequence  (an)  in E satisfying 

   an  0 and  |bn  b|  ≤  an  n where | b|  =  b v  – b. 

A Riesz space E is said to be o complete if every oCauchy sequence is oconvergent. 

Lemma 1.6.[6]  If E is a Riesz space and a    ka holds where a  E+ ,  k  [0,1) then a  =  0. 

Example 1.7..  R2   with coordinatewise ordering is an Archimedean Riesz space. 

Definition 1.8 . Let X be a nonempty set and E be a Riesz space. . Then function 

  d  :  X  X  E is said to be a vector metric  if it satisfies : 
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 (a)   d(x, y)  =   o iff  x =  y 

 (b )  d(x, y)  ≤  d(x, w)  +  d(y, w)  x, y, w  X. 
    Then (X,  d,  E) is said to be a vector metric space or E‐metric space. Vector metric  

Space generalizes metric space. 

    For x, y,  z,  w of a vector metric space, the following statements hold: 

(i)  0  ≤   d(x, y) 

(ii) d(x, y)  =  d(y, x) 

(iii) |d(x, w)  d(y, w)|  ≤   d(x, y) 

(iv) |d(x, w)  d(y, z)|  ≤   d(x, y) + d(w, z) 
    A sequence  (xn)  in a vector metric space (X,  d,  E) is said to be vectorial convergent or 

E-convergent  to some x  E, written as d.E
nx x  if   (an)  in E such that an  0 and 

d(xn,  x)  ≤   an  n. 

       A sequence  (xn)  is said to be ECauchy sequence if there exists a sequence  (an)  in E   

such that an  0 and d(xn,  xn +p)  ≤  an holds  n and p. 

        A vector metric space X is called Ecomplete if each ECauchy sequence in X, 

vectorial  converges to a limit in X. 

         When E = R(the set of real numbers) the concepts of vectorial convergence and metric 

convergence, ECauchy sequence and Cauchy sequence are the same. 

         If  X = E and d is the absolute valued vector metric on X, then the concepts of 

 vectorial convergence and order convergence are the same. 

Example 1.9 .  A Riesz space E is a vector metric space with d  :  E  E→ E defined by 

    d(x,  y)  =  | x – y |  x , y X, is called absolute valued metric on E. 

Definition  1.10.  Let X be a nonempty set and let s  1 be a given real number. A function 

        d  : X  X  R+ is called b‐ metric if it satisfies the following conditions : 

(i)  d(x, y) = 0 iff  x = y 

(ii)     d(x, y)  =  d(y, x) 

(iii) d(x, w)  ≤   s[d(x, y) + d(y, w)] for all x, y, w  X. 

        Fixed point theorems on bmetric spaces have been studied by several authors, 

 one can see ( [10],[12]). 

       I.R. Petre [13] defined vector b-metric or Ebmetric as follows : 

Definition 1.11. Let X be a nonempty set and s  1. A function d : X  X  E+ is called  Ebmetric if for any 
x, y, w X, the following conditions hold: 

(a)  d(x, y) = 0 iff  x = y 

(b)  d(x, y) = d(y, x) 

(c)  d(x, w) ≤  s[d(x, y) + d(y, w)] 

       Then (X, d, E) is said to be Ebmetric space. 

Below we give some examples of  E – b –metric spaces. 

Example 1.12.  Let X  = [0,1], d :   [0,1] ×  [0,1]→ R2  defined by d(x, y) = (α |x-y|2, β |x-y|2) where 

 ,     0 and  +     0, then (X, d, R2)  is  E-b-metric space. 

Example 1.13.  Let X  =  LP [0,1]  with 0    p    1 and E  =  R2 . 

Let d  :  LP [0, 1]  ×  LP [0, 1]  R2
+ be defined by 

d(f,  g ) = ( ‖f – g ‖p ,   ‖ f – g ‖p ) 

where  ,     0 and  +     0.  

 

Then it is easy to see that 

d(f,  h)     2 [d(f,  g) + d(g,  h)]. 
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Hence ( X,  d,  R2 ) is  E-b-metric space with parameter  s  =  2
భ
     1. 

Likewise, if X  =  lp , 0    p    1, and  d  :  lp  ×  lp → R2
+  defined as 

d(x,  y) = (‖x - y‖p , ‖x - y‖p), 

where  ,     0 and  +     0, then ( X,  d,  R2 ) is  E-b-metric space 

 with parameter 

                           s = 2
భ
    1. 

Example 1.14.  Let X  =  C[0, 1]   = E. Define d :  X × X  E+ as 

d(f,  g) = (f – g)p , p    1. 

Then (X,  d,  E) is  E-b-metric space with parameter s  =  2    1.Since the function 

tp  (p   1)is convex, we have 

(x  +  y)p     2p-1 ( xp  +  yp ) 

Therefore 

d(f,  h) = (f  –  h)p = (f  – g  + g  – h)p    2p-1  [(f  – g)p + (g  – h)p] 

= 2p-1  [d(f,  g) + d(g,  h)]. 

Thus relaxed triangular inequality holds with s  =  2p-1    1. 

We give below an example of   E-b-metric space which is not a metric space. 

Example 1.15.  Let X  =  {0, 1, 2} , E  =  R2 and d  :  X × X → R2 be defined as 

                                      d(0, 1)  = d(1, 0) =(1, 1) 

                                      d(1, 2) = d(2, 1) = (1, 1) 

                                      d(0, 2) = d(2, 0) = (4, 4) 

             Since the inequality d(0, 2)    d(0, 1)  +  d(1, 2) is not satisfied, (X, d, E)  is not a metric 
space.However, it is E-b-metric space for s = 2. 

             Let (X, d, E) be E-b metric space and P and Q be self maps on X. 

Definition  1.16[15].  Let y = Px = Qx for some x  X then y is said to be a point of coincidence and x a 
coincidence point of P and Q. 

Definition  1.17[15].  The maps P and Q are called weakly compatible  if they commute  at  every 

 coincidence point. 

Lemma 1.18[15].    The maps P  and Q  are weakly  compitable maps     X    If P  and Q have  a unique point of 
coincidence c = Pc = Qc, then c is the unique common fixed point of  Pand Q. 

Let  (X, 	≼) be a partially ordered set and P and Q are self maps on X. 

Definition  1.19[15].    The pair (P, Q) of maps  is said to be weakly increasing if Px  ≼	 QPx  and Qx 	≼  PQx 
 x  X. 

Definition  1.20[15].  The pair (P, Q) is said to be partially weakly increasing if Px ≼	 QPx 

      x  X. 

     Observe that the pair (P, Q) is weakly increasing iff ordered pair (P, Q) and (Q, P) are partially weakly 
increasing. 

Definition  1.21[15].  The mapping P is called a weak annihilator of Q if  PQx  ≼	 x  x X. 

Definition  1.22[15].  The mapping P is called dominating if  x  Px  x  X. 

II. MAIN RESULTS 

    In this section, we  prove some common fixed point theorems for four  mappings in Ebmetric space. 

Theorem  2.1.  Let X be an Ebmetric space with E is Archimedean. Suppose the mapping A,  B,  G and H be 
self-maps on X, (H, A) and (G,  B) be partially weakly increasing with A(X)  H(X) and B(X)  G(X). Further 
the dominating maps A and B are weak annihilators of H and G, respectively. Suppose the mappings A, B, G, 
H :  X  X satisfy the following condition : 

d(Ax,  By)   ≤  bNx,y(A, B, G, H)    x,  y	∈ X,                                                      (1) 
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where b  <  
 

1

1s s 
 and 

Nx,y(A, B, G, H)  {d(Gx, Hy), d(Ax, Gx), d(By, Hy), d(Ax, Hy), d(By, Gx)}                    (2) 

Let{xn} be a nondecreasing sequence with xn  ≤  yn  n and yn 
.d E m  gives that 

xn  ≤  m , the pairs{A, G} and {B, H} are given to be weakly compatible and if one of A(X), B(X),  

G(X) or H(X) is E-complete subspace of  X then A, B, G and H have a unique common fixed point. 

Proof : Let x0 be arbitrary point of X. Since A(X)  H(X) and B(X)   G(X), we can choose x1 X such that 
Ax0  =  Hx1,  x2  X such that Bx1  = Gx2. Continuing this process, construct a sequence {yn}, which is 
defined as : 

y2n-1  =  Hx2n-1  = Ax2n-2 and y2n = Gx2n  =  Bx2n-1, � n   	0		.  . 
By given assumptions, 

x2n-2 ≤ Ax2n-2  =  Hx2n-1 ≤  AHx2n-1  ≤  x2n-1  and x2n-1    Bx2n-1 =  Sx2n ≤ BGx2n ≤ x2n. 

  Thus, for all n we have, xn ≤ xn+1. 

 Firstly, we prove that 

         d(y2n+1, yଶ୬ାଶ)  ≤  λd(y2n, y2n+1)  �  n,  where ߣ    1                                   (3) 

From (1), we have 

d(y2n+1, yଶ୬ାଶ) = d(Ax2n, Bx2n+1)≤  bN୶మ,୶మశభ(A, B, G, H) for n = 0, 1, 2, 3….. 

Since N୶మ,୶మశభ(A, B, G, H)  {d(Gx2n, Hx2n+1), d(Ax2n, Gx2n), d(Bx2n+1, Hx2n+1), 

d(Ax2n, Hx2n+1), d(Bx2n+1, Gx2n)} 

= {d(yଶ୬, yଶ୬ାଵ), d(yଶ୬ାଵ,	yଶ୬), d(yଶ୬ାଶ, yଶ୬ାଵ), d(yଶ୬ାଵ, yଶ୬ାଵ), d(yଶ୬ାଶ, yଶ୬)} 

          = {d(yଶ୬, yଶ୬ାଵ), d(yଶ୬ାଵ, yଶ୬ାଶ), d(yଶ୬, yଶ୬ାଶ) } 

If N୶మ,୶మశభ(A, B, G, H) = d(y2n, yଶ୬ାଵ), then clearly ( 3) holds. 

If N୶మ,୶మశభ(A, B, G, H) = d(yଶ୬ାଵ, yଶ୬ାଶ), thus by Lemma 1.6 

d(yଶ୬ାଵ, yଶ୬ାଶ) = 0, and so (3) holds. 

Now assume that N୶మ,୶మశభ(A, B, G, H) = d(yଶ୬, yଶ୬ାଶ), 

Thus, 

       d(yଶ୬ାଵ, yଶ୬ାଶ)≤  bd(yଶ୬,	yଶ୬ାଶ)≤ bs[d(yଶ୬,	yଶ୬ାଵ) d(yଶ୬ାଵ,	yଶ୬ାଶ)] 

                (1 bs)d(yଶ୬ାଵ,	yଶ୬ାଶ) ≤ bs d(yଶ୬,	yଶ୬ାଵ) 

                                                      ≤
1

bs

bs
 
  

[d(yଶ୬,	yଶ୬ାଵ)] 

              = λ d(yଶ୬,	yଶ୬ାଵ), where λ = 
1

bs

bs
 
  

 

 Thus  d(yn,yn+1)  ≤   λn d(y0, y1)  where λ Є ,
1

bs
b

bs


  

 

Therefore  n and p, 

d(yn, yn+p)≤ s d(yn, yn+1) + s2 d(yn+1, yn+2) +s3 d(yn+2, yn+3)+…….+ sp d(yn+p-1, yn+p) 

  ≤  s λn d(y0, y1) + s2 λn+1 d(y0, y1) +………….+spλn+p-1 d(y0, y1) 

    =
1 ( )

1

p
n s

s
s




 
  

d(y0, y1)  ≤  
1

ns

s




 
  

d(y0, y1), note that sλ  <  1 

It is given that E is Archimedean, so the sequence (yn) is an ECauchy . It is assumed 

 that G(X) is Ecomplete,   u  G(X) such that 

ISSN (Print)    : 2319-8613 
ISSN (Online) : 0975-4024 Mamta Kamra et al. / International Journal of Engineering and Technology (IJET)

DOI: 10.21817/ijet/2019/v11i1/191101044 Vol 11 No 1 Feb-Mar 2019 91



                                                Gx2n  =  y2n
. .d E u 

       Thus, there exists a sequence {en} in E such that en  0 and d(Gx2n, u)  ≤  en. Further   

we can find out a v  X such that Gv = u. Now it remains to prove that Av = u. Although   

x2n+ 1  ≤  Bx2n+1 and Bx2n+1

. .d E u which implies that x2n+1  ≤  u and u  ≤  Bu  = BGv  ≤ v 

which implies that x2n+1  ≤  v 

Consider 

d(Av, u)  ≤  sd(Av, Bx2n+1) + sd(Bx2n+1, u) ≤ sbN୴,୶మశభ(A, B, G, H) +sen+1 

where   bN୴,୶మశభ(A, B, G, H) ∈	{d(Gv, Hx2n+1), d(Av, Gv), d(Bx2n+1, Hx2n+1), d(Av, Hx2n+1),   d(Bx2n+1, Gv)}  
� n. 

There are five possibilities: 

Case 1 : d(Av, u) ≤ sbd(Gv, Hx2n+1) +sen+1  ≤sben+1 + sen+1 ≤ s(b+1) en. 

Case 2 : d(Av, u) ≤sbd(Av, Gv)+ sen+1 

                            ≤  sbd(Av, u) + sen+1 

    (1-sb)d(Av, u) ≤ sen+1 

       d(Av, u) ≤  
ୱ

ሺଵିୱୠሻ
en+1 

             ≤   
ୱ

ሺଵିୱୠሻ
en 

Case 3 : d(Av, u) ≤  sbd(Bx2n+1, Hx2n+1) + sen+1 

              d(Av, u)  ≤  sb[sd(Bx2n+1, u) + sd(Hx2n+1, u)] +sen+1 

              d(Av, u)  ≤  s2ben+1 + s2ben+1 +sen+1 

                            ≤  2s2ben+1+ sen+1 ≤  s(2bs +1)en 

Case 4 :  d(Av ,u)  ≤  sbd(Av, Hx2n+1 sen+1
≤ sb[sd(Av, u) + sd(u, Hx2n+1)] + sen+1  
       (1-s2b) d(Av , u)  ≤  s2ben+1  + sen+1 

                     d(Av, u)  ≤  
ୱሺୱୠାଵሻ

ሺଵିୱమୠሻ
e୬ 

Case 5 :   d(Av, u) ≤ sbd(Bx2n+1, Gv) + sen+1 

≤  sben+1 + sen+1 ≤  s(b+1)en 

It is given that g.l.b. of sequences on the R.H.S. are zero, then d(Av, u) = 0, i.e. Av =  u. 

 Thus Av = Gv = u 

     However u A(X)  H(X), so there exists w  X such that Hw = u 

    Now, we show that Bw = u. As x2n  ≤ Ax2n and Ax2n

. .d E u implies that x2n  ≤  u and 

u  ≤ Au = AHw ≤ w implies that x2 n ≤  w. 

Consider 

d(u, Bw)  ≤  sd(u, Ax2n) + sd(Ax2n, Bw)  ≤ sen+ sbN୶మ,౭(A, B, G, H) 

where N୶మ,౭(A, B, G, H)   Є {d(Gx2n, Hw), d(Ax2n, Gx2n), d(Bw, Hw), d(Ax2n, Hw), 

d(Bw, Gx2n)} � n. 

There are five possibilities: 

Case 1 : d(u, Bw) ≤ sen + sbd(Gx2n, Hw)≤ sen+ sbd(Gx2n, u) ≤ s(b+1) en. 

Case 2 : d(u, Bw) ≤ sen+ sbd(Ax2n, Gx2n), 

≤ sen + sb[sd d(Ax2n, u) + sd(u, Gx2n)] 

                            ≤  sen + s2ben + s2ben 

                           ≤ s(1+2sb)en 

Case 3 :   d(u, Bw) ≤sen + sbd(Bw, Hw) ≤sen + sbd(Bw, u) 

sb d(u, Bw) ≤sen 
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                d(u, Bw) ≤ 
ୱ

ሺଵିୱୠሻ
e୬ 

Case 4 : d(u, Bw) ≤ sen + sbd(Ax2nw)  

                             ≤ sen + sbd(Ax2n, u) 
                              ≤ sen +  sben 

                d(u, Bw) ≤ s(1+b) en 

Case 5 : d(u , Bw) ≤sen + sbd(Bw, Gx2n) 

≤ sen + sb[sd(Bw,u) + sd(u,Gx2n)] 

     (1-s2 b)d(u, Bw) ≤  sen + s2ben 

              d(u, Bw)  ≤  
ୱሺଵାୱୠሻ

ሺଵିୱమୠሻ
e୬ 

It is given that g.l.b. of sequences on the L.H.S. are zero, then d(u, Bw) = 0, that is Bw  =  u.      Therefore Bw = 
Hw = u. Consequently {A, G} and{B, H} have a  common point of    coincidence  belonging to X. 

       Now, if {A ,G} and {B, H} are given to be weakly compatible, 

Au = AGv = GAv = Gu    and 

Bu = BHw = HBw = Hu = m2 (say) 

Now, 

d(m1, m2) = d(Au, Bu) ≤ bNu,u (A, B, G, H) 

where Nu,u(A, B, G, H) {d(Gu, Hu),  d(Au, Gu),  d(Bu, Hu),  d(Au, Hu),  d(Bu, Gu)} 

= {0, d(m1, m2)} 

                  Hence  d(m1, m2) = 0 i.e. m1 = m2. 

            If{A, G} and {B, H} are weakly compatible, then by using Lemma1.18, u is a   unique fixed 

 point of A, B, G and H . 

Corollary  2.2.  Let X  satisfies the same conditions as in  Theorem2.1. Suppose the mapping A and B be 
dominating  maps of X into itself satisfying the condition : 

         x, y  X, d(Ax, By)  ≤ bNx,y(A, B)                                                                               (4) 

where b < 
 

1

1s s 
  

and 

   Nx,y(A, B)  {d(x, y), d(Ax, x), d(By, y), d(Ax, y), d(y, Bx)} 

then A and B have a unique common fixed point. 

Example  2.3.  Let d :  X  ×  X͢͢͢͢  E where X = [0, ), E  = C[0, 1] defined by 

d(x, y)(t)  =  |x-y|2 e୲ 
Then (X, d, E) is  E-b-metric space. 

        We define an ordering    on X  as x    y 	⇔ y			 x x, y	∈ X 

       Let A, B, G, H  :  X→X be defined by 

                   Ax  =		ହ୶


,   Bx  =  
ଷ௫


 ,  Gx  =  

௫

ଷ
,   Hx  = 

௫

ହ
   x ∈	X. 

         Clearly, A(X)  H(X) and B (X)  G(X) and the pairs (H, A) and (G, B) partially weakly increasing that 

is Hx  =  
௫

ହ
  ≥  x = AHx, which gives Hx  AHx and Gx =  

௫

ଷ
		x  =  BGx, which gives Gx   BGx. 

Also, A and B are dominating maps, that is , Ax =		ହ௫


 ≤  x and Bx  =  
ଷ௫


  ≤  x for all x	∈ X implies that x  

Ax and x  Bx for all x	∈ X. Furthormore, A and B are weak annihilators of H and G, respectively, that is, 

AHx  x and BGx  x for all x	∈ X. 

           For x,y	∈ X, 

                                d(Ax, By)(t) = 

2
5 3

7 7

x y 
 

 
 

e୲ =  21
5 3

49
x y e୲ 
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                            d(Gx, Hy)(t) =

2
7 7

3 5

x y 
 

 
 

e୲ 

                           d(Ax, Gx)(t) = 

2
5 7

7 3

x x 
 

 
 

e୲ = 

2
34

21

x 
 
 

e୲ 

                           d(By, Hy)(t) = 

2
3 7

7 5

y y 
 

 
 

e୲ = 

2
34

35

y 
 
 

e୲ 

                           d(Ax, Hy)(t) = 

2
5 7

7 5

x y 
 

 
 

e୲ 

                            d(By, Gx)(t) = 

2
3 7

7 5

y x 
 

 
 

e୲ 

                            d(Ax, By)(t) = 

2
5 3

7 7

x y 
 

 
 

e୲ 

    ≤  

2
5

7

x 
 
 

e୲             if 
5

7

x 
 
 

 ≥ 
3

7

y 
 
 

 

                                                 ≤  b

2
34

21

x 
 
 

e୲   with	b	ൌ	ଶ
ଷ
	

                                                 = bd(Ax, Gx)(t), 

            where    d(Ax, Gx)	∈ Nx,y (A, B, G, H) 

    Hence d(Ax, By)  ≤  bNx,y (A, B, G, H), where b = 
ଶ

ଷ
 , is satisfied for 

5 3

7 7

x y      
   

 

d(Ax, By)(t) = 

2
5 3

7 7

x y 
 

 
 

 e୲ ≤ 

2
3

7

y 
 
 

e୲      if 
5 3

7 7

x y      
   

 

                                                 ≤ b 

2
34

35

y 
 
 

e୲  with b = 
ଶ

ଷ
 

                                      = bd(By, Hy)(t),  where  d(By, Hy)	∈ Nx,y (A, B, G, H) 

                   Hence  d(Ax, By ) ≤  bNx,y (A, B, G, H),  x and y. 

              Thus all the conditions of Theorem 2.1 are satisfied with b = 
ଶ

ଷ
  [0,1) and 0 is 

 the unique common fixed point of the mappings A, B, G and H. 

Theorem  2.4.  Let X be an Ebmetric space with E is Archimedean. Suppose the mapping A, B, G and H be 
self-maps on X,  (H, A) and (G, B) partially weakly increasing with A(X)  H(X) and B(X)  G(X). Further 
the dominating maps A and B are weak annihilators of H and G, respectively. Suppose the four mappings A, 
B, G, H : X  X satisfy the following condition : 

      For all x, y  X, 

              d(Ax, By)  ≤  bNx,y(A , B, G,  H )                                                                 (5) 

                                                                 where b  <  
ଶ

ሺୱమାୱାଵሻ
	   and 
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Nx,y (A, B, G, H) { 
ଵ

ଶ
 [d(Gx, Hy) + d(Ax, Gx)], 

ଵ

ଶ
 [d(Gx, Hy) + d(By, Hy)], 

ଵ

ଶ
 [d(Gx, Hy) + 

d(Ax, Hy)], 
ଵ

ଶ
 [d(Gx, Hy) + d(By, Gx)], 

ଵ

ଶ
 [d(By, Hy) + d(Ax, Hy)], 

ଵ

ଶ
 [d(Ax, Hy) + 

d(By, Gx)],  
ଵ

ଶ
 [d(By, Hy) + d(By, Gx)]}.                                                                                 (6) 

     If for a nondecreasing sequence {xn} with xn ≤ yn for all n and yn 

.d E m  implies that 

    xn ≤ m , the pairs{A, G} and {B, H} are weakly compatible  and one of A(X), B(X), G(X) and H(X) is E-
complete then A, B, G and H have a common fixed point. 

Proof  : We define the sequence {xn} and {yn} as in proof of theorem 2.1 

Firstly, show that 

d(y2n+1, y2n+2)  ≤  δd(y2n, y2n+1) for all n, where δ < 1                                     (7) 

From (5), we have 

d(y2n+1, y2n+2)  =  d(Ax2n, Bx2n+1)≤ bN୶మ,୶మశభ(A, B, G, H) for n= 0,1,2,3….. 

Since 

N୶మ,୶మశభ(A, B, G, H)  { 
1

2
[d(Gx2n, Hx2n+1) + d(Ax2n, Gx2n)], 

1

2
[d(Gx2n, Hx2n+1) + 

    d(Bx2n+1, Hx2n+1)],
1

2
[d(Gx2n, Hx2n+1) + d(Ax2n , Hx2n+1)], 

1

2
[d(Gx2n,Hx2n+1) + d(Bx2n+1,Gx2n)],

1

2
[d(Bx2n+1, 

Hx2n+1) +d(Ax2n, Hx2n+1)], 
1

2
[ d(Ax2n, Hx2n+1) + d(Bx2n+1 ,Gx2n)],

1

2
[d(Bx2n+1, Hx2n+1) + d(Bx2n+1, Gx2n)]} 

= {
1

2
[d(y2n, y2n+1) + d(y2n+1, y2n)], 

1

2
[d(y2n, y2n+1) + d(y2n+2, y2n+1)], 

1

2
[d(y2n, y2n+1) + 

     d(y2n+1,y2n+1)], 
1

2
[d(y2n, y2n+1) + d(y2n+2,y2n)], 

1

2
[d(y2n+2, y2n+1) + d(y2n+1,y2n+1)], 

1

2
[d(y2n+1 ,y2n+1) + 

d(y2n+2,y2n)], 
1

2
[d(y2n+2, y2n+1) + d(y2n+1, y2n+1)],

1

2
[d(y2n+1,y2n+1) + d(y2n+2, y2n)], 

1

2
 [d(y2n+2, y2n+1) + d(y2n+2, 

y2n)] 

= {[d(y2n, y2n+1)], 
1

2
[d(y2n, y2n+1) + d(y2n+2, y2n+1)], 

1

2
[d(y2n, y2n+1)], 

1

2
[d(y2n, y2n+1) + 

d(y2n+2, y2n)], 
1

2
[d(y2n+2, y2n+1)],

1

2
[d(y2n+2, y2n)],

1

2
[(y2n+2, y2n+1)+d(y2n+2, y2n)]} 

     If  N୶మ,୶మశభ(A, B, G, H)= d(y2n, y2n+1) or 
1

2
[d(y2n, y2n+1)] then clearly (7) holds. 

     If N୶మ,୶మశభ(A, B, G, H) = 
1

2
[d(y2n+1, y2n+2)], then according to Lemma 1.7 

 d(y2n+1, y2n+2) = 0 and clearly (7) holds. 

Let us suppose that if N୶మ,୶మశభ(A, B, G, H)  = 
1

2
[ d(y2n, y2n+1) + d(y2n+2, y2n+1)], 

          Then d(y2n+1, y2n+2)  ≤  
b

2
 [d(y2n, y2n+1)] + 

b

2
 [d(y2n+2, y2n+1)] 

      

1
2

b  
 

d(y2n+1, y2n+2)  ≤ 
b

2
[d(y2n, y2n+1)] 
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               d(y2n+1, y2n+2) ≤ 2

1
2

b

b

 
 
 
 
 

[d(y2n, y2n+1)]   ≤  δ1[d(y2n, y2n+1)]    where  δ1 = 2

1
2

b

b

 
 
 
 
 

 

 If  N୶మ,୶మశభ(A, B, G, H) = 
1

2
[d(y2n, y2n+1) + d(y2n+2, y2n)] 

   then  d(y2n+1, y2n+2)  ≤ 
b

2
[d(y2n, y2n+1)] +

b

2
[sd(y2n+2, y2n+1) + sd(y2n+1, y2n)] 

     

sb
1

2
  
 

d(y2n+1, y2n+2) ≤  1
2

b
s  [d(y2n, y2n+1)] 

                   d(y2n+1, y2n+2) ≤  
1

2 1
2

b s
sb

 
 
 
 
 

[d(y2n, y2n+1)]  ≤  δ2[d(y2n, y2n+1)],    

  where  δ2 = 
1

2 1
2

b s
sb

 
 
 
 
 

 

  If  N୶మ,୶మశభ(A, B, G, H)   =
1

2
[d(y2n, y2n+2)] 

              then d(y2n+1, y2n+2) ≤ 
b

2
[sd(y2n, y2n+1) + sd(y2n+1, y2n+2)] 

                        d(y2n+1, y2n+2) ≤  2

1
2

sb

sb

 
 
 
 
 

[d(y2n, y2n+1)]  ≤ δ3 [d(y2n, y2n+1)],    

                               where δ3 = 2

1
2

sb

sb

 
 
 
 
 

 

Finally suppose that, N୶మ,୶మశభ( A, B, G, H)= 
1

2
[d(y2n+2, y2n+1) + d(y2n+2, y2n)] 

Then d(y2n+1, y2n+2)  ≤ 
b

2
[d(y2n+2, y2n+1)] +

b

2
[sd(y2n+2, y2n+1) + sd(y2n+1, y2n)] 

         ቀ1 െ ୠ

ଶ
െ ୱୠ

ଶ
ቁ d(y2n+1, y2n+2) ≤ 

ୱୠ

ଶ
 d(y2n+1, y2n) 

                             d(y2n+1, y2n+2) ≤ ቆ
౩ౘ
మ

ଵିౘ
మ
ି౩ౘ
మ

ቇ = d(y2n+1,y2n) ≤ δ4 d(y2n+1, y2n),  

                                                                       where δ4 = 2

1
2 2

sb

b sb
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       Let δ = {δ1, δ2, δ3  ,δ4} then   d(y2n+1, y2n+2) ≤ δd(y2n+1, y2n). 

Similarly  d(y2n+2, y2n+3) ≤ δd(y2n+1, y2n+2) 

     Therefore,      d(yn, yn+1)  ≤  δ d(yn-1, yn) 

Thus d(yn, yn+1) ≤ (δ)n d(y0, y1),                                                                                       (8) 

By using (8),  n and p, we have 

      d(yn, yn+p)  ≤ sd(yn ,yn+1)  + s2d(yn+1, yn+2) +………..+ spd(yn+p-1, yn+p) 

                       ≤  s(δ)nd(y0, y1) + s2(δ)n+1d(y0, y1) +…………+ sn+p(δ)n+p-1d(y0, y1)      

 =    
 

1

1

p
n s

s
s






 
 
  

d(y0, y1)   ≤ 
 

1

n
s

s




 
 
  

d(y0, y1) 

   It is given that E is Archimedean, then (yn) is an ECauchy sequence. Let us suppose 

 that G(X) is Ecomplete, so there exists u Є G(X) such that 

                                           Gx2n = y2n

. .d E u 

    Thus there exists a sequence {en} in E such that en 0 and d(Gx2n,u) ≤ en. On the other 

 hand we can find out v in X  such that Gv = u. Now we are going to prove that Av = u . Since  x2n+1 ≤ Bx2n+1 and 

Bx2n+1

. .d E u which implies that x2n+1 ≤ u and u ≤ Bu = 

 BGv ≤ v which implies that x2n+1 ≤ v. 

Consider 

d(Av, u)  ≤  sd(Av, Bx2n+1) + sd(Bx2n+1, u)  ≤  sbN,ଡ଼మశభ(A, B, G, H) + sen+1 

where    bN,ଡ଼మశభ(A, B, G ,H)  {
1

2
[d(Gv, Hx2n+1) + d(Av, Gv)], 

1

2
[d(Gv, Hx2n+1) + 

d(Bx2n+1, Hx2n+1)], 
1

2
[d(Gv, Hx2n+1) + d(Av, Hx2n+1)], 

1

2
[d(Gv, Hx2n+1) + d(Bx2n+1, Gv)], 

  
1

2
[d(Bx2n+1, Hx2n+1) + d(Av, Hx2n+1)], 

1

2
[d(Av, Hx2n+1) + d(Bx2n+1, Gv)], 

1

2
[d(Bx2n+1, Hx2n+1) + d(Bx2n+1, 

Gv)]}  n. 

There are seven possibilities: 

Case 1 : d(Av, u) ≤ 
sb

2
[d(Gv, Hx2n+1)+ d(Av, Gv)]+ sen+1 

               d(Av, u) ≤ 
sb

2
[d(u, Hx2n+1)+ d(Av, u)]+ sen+1 

  ቀ1 െ ௦

ଶ
ቁ d(Av, u) ≤ 

sb

2
en+1 +sen+1 

                 d(Av, u)  ≤  
ୱቀౘ
మ
ାଵቁ

ቀଵି౩ౘ
మ
ቁ
 en 

Case 2 : d(Av, u≤ 
sb

2
[d(Gv, Hx2n+1) + d(Bx2n+1,  Hx2n+1)] + sen+1 

                           ≤ 
sb

2
[d(u, Hx2n+1)+d(Bx2n+1, Hx2n+1)] + sen+1 

                           ≤ 
sb

2
[d(u, Hx2n+1)+ sd(Bx2n+1, u) +sd(u, Hx2n+1)] + sen+1 

                          ≤  
௦

ଶ
en+1 + 

௦మ

ଶ
en+1 + 

௦మ

ଶ
en+1 + sen+1 
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                          ≤   sቀ
ଶ
 ܾݏ  1ቁ en 

Case 3 : d(Av, u≤ 
sb

2
[d(Gv , Hx2n+1)+d(Av, Hx2n+1)] + sen+1 

d(Av, u≤ 
sb

2
[d(u, Hx2n+1) + sd(Av, u) + sd(u, Hx2n+1)] + sen+1 

ቀ1 െ ௦మ

ଶ
ቁ d(Av, u) ≤ 

sb

2
en+1 + 

௦మ

ଶ
 en+1 + sen+1 

                  d(Av, u) ≤  s
2

1
2 2

1
2

b sb

s b

 
  

 
  
 

en 

Case 4 : d(Av, u≤ 
sb

2
[d(Gv, Hx2n+1) + d(Bx2n+1 , Gv)] + sen+1 

≤ 
sb

2
[d(u, Hx2n+1) + d(Bx2n+1, u) + sen+1 

                             ≤ 
sb

2
en+1 +

sb

2
en +1+ sen+1 ≤  s(b+1)en 

Case 5 : d(Av, u≤ 
sb

2
[d(Bx2n+1, Hx2n+1) + d(Av, Hx2n+1)] + sen+1 

≤ 
sb

2
[sd(Bx2n+1, u) + sd(u, Hx2n+1)] +

sb

2
[sd(Av, u) + sd(u, Hx2n+1)] + sen+1 

2

1
2

s b 
 

 
d(Av, u)  

≤ 	௦
మ

ଶ
en+1 + 

௦మ

ଶ
en+1 + 

௦మ

ଶ
en+1 + sen+1 

                                     

2

1
2

s b 
 

 
d(Av, u) ≤  

ଷ

ଶ
 ଶܾen+1 + sen+1ݏ

                                                      d(Av, u) ≤  ݏ ቆ
య
మ
ୱୠାଵ

ଵି౩
మౘ
మ

ቇen 

Case 6 : d(Av ,u≤ 
sb

2
[d(Av, Hx2n+1) + d(Bx2n+1, Gv)] + sen+1 

≤ 
sb

2
[sd(Av, u) + sd(u, Hx2n+1)] +

sb

2
d(Bx2n+1, u) + sen+1 

             

2

1
2

s b 
 

 
d(Av, u) ≤  

௦మ

ଶ
en+1 + 

௦

ଶ
en+1 + sen+1 

                              d(Av, u) ≤  s
2

1
2 2

1
2

b sb

s b

 
  

 
  
 

en 

Case 7 : d(Av, u≤ 
sb

2
[d(Bx2n+1, Hx2n+1) + d(Bx2n+1, Gv)] + sen+1 
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≤ 
sb

2
[sd(Bx2n+1, u) + sd(u, Hx2n+1)] +

sb

2
[d(Bx2n+1, u)] + sen+1 

                               ≤  
௦మ

ଶ
en+1 + 

௦మ

ଶ
en+1 + 

௦

ଶ
en+1 + sen+1 

                                ≤   sቀୠ
ଶ
 sb  1ቁ en 

  It is given that g.l.b. of sequences on the right hand side are zero, then d(Av, u) = 0, that 

 is Av =  u. Therefore Av = Gv = u 

       Since u A(X)  H(X), there exists wX such that Hw = u. 

        Now, we show that  Bw  =  u. As x2n  ≤ Ax2n and Ax2n

. .d E u which implies that 

 x2n  ≤  u and u ≤ Au = AHw ≤ w which implies that x2n  ≤  w. 

Consider 

        d(u, Bw)  ≤  sd(u, Ax2n) + sd(Ax2n, Bw)  ≤ sen+ sbNଡ଼మ,౭(A, B, G, H) 

where 

	Nଡ଼మ,౭(A, B, G, H)  {
1

2
[d(Gx2n, Hw) + d(Ax2n, Gx2n)],

1

2
[d(Gx2n, Hw) + d(Bw, Hw)], 

1

2
[d(Gx2n, Hw) + d(Ax2n, Hw)], 

1

2
[d(Gx2n ,Hw) + d(Bw, Gx2n)],

1

2
[d(Bw, Hw) + 

d(Ax2n, Hw)],
1

2
[d(Ax2n, Hw) + d(Bw, Gx2n)],

1

2
[d(Bw, Hw) + d(Bw ,Gx2n)]}  n. 

Case 1 : d(u, Bw) ≤ sen +
sb

2
[d(Gx2n, Hw)+ d(Ax2n, Gx2n)] 

                             ≤ sen +
sb

2
[d(Gx2n, u)]+

sb

2
[sd(Ax2n, u) + sd(u, Gx2n)] 

≤ sen + 
sb

2
en+1 + 

2s b

2
en + 

2s b

2
en 

                              ≤ s(1+
2

b
+sb)en 

Case 2 :    d(u, Bw) ≤ sen +
sb

2
[d(Gx2n, Hw) + d(Bw, Hw)] 

                                ≤  sen +
sb

2
[d(Gx2n, u)] +

sb

2
[d(Bw, u)]  

     ቀ1 െ ௦

ଶ
ቁ d(u, Bw) ≤ sen +

sb

2
en 

                    d(u, Bw) ≤  
௦ቀ್
మ
ାଵቁ

ቀଵି	ೞ್
మ
ቁ
 en 

Case 3 :  d(u, Bw) ≤ sen +
sb

2
[d(Gx2n, Hw) + d(Ax2n, Hw)] 

                             ≤ sen +
sb

2
[d(Gx2n, u)] +

sb

2
[d(Ax2n, u)] 

                             ≤ sen +
sb

2
en +

sb

2
en  ≤ s(1+b)en 
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Case 4 : d(u, Bw) ≤ sen +
sb

2
[d(Gx2n, Hw) + d(Bw, Gx2n)] 

                             ≤ sen +
sb

2
[d(Gx2n ,u)] +

sb

2
[sd(Bw, u) + sd(u, Gx2n)] 

2

1
2

s b 
 

 
d(u, Bw) ≤ sen + 

sb

2
en +

2s b

2
en 

                d(u, Bw) ≤ s
2

1
2 2

1
2

b sb

s b

 
  

 
  
 

en 

Case 5 : d(u, Bw) ≤ sen +
sb

2
[d(Bw, Hw)+ d(Ax2n, Hw)] 

≤  sen +
sb

2
[d(Bw, u)]+

sb

2
[d(Ax2n, u)] 

               d(u, Bw)  ≤   
௦ቀ್
మ
ାଵቁ

ቀଵିೞ್
మ
ቁ
 en 

Case 6 : d(u, Bw) ≤  sen +
sb

2
[d(Ax2n, Hw)+ d(Bw, Gx2n)] 

                             ≤ sen +
sb

2
[d(Ax2n, u)] +

sb

2
[sd(Bw, u) + sd(u, Gx2n)] 

   

2

1
2

s b 
 

 
d(u, Bw) ≤ sen + 

sb

2
en +

2s b

2
en 

                 d(u, Bw)  ≤  s
2

1
2 2

1
2

b sb

s b

 
  

 
  
 

en 

Case 7 : d(u, Bw) ≤  sen +
sb

2
[d(Bw, Hw)+ d(Bw, Gx2n)]   

                             ≤  sen +
sb

2
[d(Bw, u)]+

sb

2
[sd(Bw, u) + sd(u, Gx2n)] 

2

1
2 2

sb s b 
  

 
d(u, Bw)  ≤  sen + 

2s b

2
en 

                        d(u, Bw)  ≤  
ୱቀଵା౩ౘ

మ
ቁ

൬ଵି౩ౘ
మ
ି౩

మౘ
మ
൰
e୬ 

           It is given that g.l.b. of sequences on the right hand side are zero, Then d(u, Bw) = 0, i.e. Bw = u. 
Therefore,   Bw = Hw = u. Thus {A, G} and{B ,H} have common point of coincidence in X. 

             It is given that {A ,G} and {B, H} are weakly compatible, 

                        Au = AGv = GAv = Gu = m1 (say) and 

                        Bu = BHw = HBw = Hu = m2 (say) 

Now,   d(m1,m2) = d(Au, Bu) ≤ bNu,u(A, B, G, H) 
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where  

Nu,u(A, B, G, H)  ∈	{
1

2
[d(Gu, Hu)+ d(Au, Gu)], 

1

2
[d(Gu, Hu) + d(Bu,  Hu)],

 

1

2
[d(Gu, Hu) + d(Au, Hu)], 

1

2
 [d(Gu, Hu) + d(Bu, Gu)],

1

2
 [d(Bu, Hu) + d(Au, Hu)], 

1

2
 [d(Au, Hu) + d(Bu, Gu)], 

1

2
 [d(Bu, Hu) + d(Bu, Gu)]}  n. 

      If{A, G} and {B, H} are weakly compatible, then by Lemma1.18, u is the unique 

 common fixed point of A, B, G and H. 
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