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ABSTRACT- A graph G of order p and size q is called (a,d)-edge-antimagic total if there exists a one-to-one 
and onto mapping f from ࢂሺࡳሻ ∪ ,ሼ࢚ሻࡳሺࡱ ,… ,   ሻ࢟࢞ሺ࢝ ሽ such that the edge weights ൌ ሻ࢞ሺࢌ 
ሻ࢟ሺࢌ   ,࢟࢞ሺࢌ ࢟࢞ ∈  ሻ form an AP progression with first term ’a’ and common difference ’d’. Theࡳሺࡱ
graph G is said to be Super (a,d)-edge-antimagic total labeling if the ࢌሺࢂሺࡳሻሻ ൌ ሼ, ,… ,  ሽ. In this paper
we obtain Super (a,d)-edge-antimagic properties of certain classes of graphs, including Fans graph, Single 
fan graph, Half Kite graph and Ambrela graph. 

Keyword – Vertex Labeling1  Edge Labeling2 Edge-Antimagic3 Edge-Weight4. 2010 Mathematics Subject 
Classification: Primary 05C78; Secondary 05C76. 

I. INTRODUCTION 

All graphs in this paper are finite, undirected and without loops or multiple edges. For a graph G,V(G) and E(G) 
denote the vertex set and the edge-set respectively. A (p,q) graph G is a graph such that |ܸሺܩሻ| ൌ  and  
|ሻܩሺܧ| ൌ  .We refer the readers to [16] or [17] for all other terms and notation not provided in this paper .ݍ

A labeling of a graph G is any mapping that sends some set of graph elements to a set of non-negative integers. 
If the domain is the vertex-set or edge-set, the labeling are called vertex labelings or edge labelings respectively. 
Moreover if the domain is ܸሺܩሻ ∪  .ሻthen the labeling is called total labelingܩሺܧ

Let f be a vertex labeling of a graph G, we define the edge-weight of ݒݑ  ܧሺܩሻ to be ݓሺݒݑሻ ൌ ݂ሺݑሻ  ݂ሺݒሻ. 
If ݂ is a total labeling then the edge-weight of uv is ݓሺݒݑሻ ൌ ݂ሺݑሻ  ݂ሺݒݑሻ  ݂ሺݒሻ. 

Let G be a (p,q) graph, a bijective function ݂: ܸሺܩሻ EሺGሻሼ1,2,… , p  qሽ is called an (a,d)- edge antimagic 
total labeling of G, if the set of all edge-weights : ሼݓሺݒݑሻ: ሻሽܩሺܧ ൌ ሼܽ, ܽ  ݀,… , ܽ  ሺ݊ െ 1ሻ݀ሽ where ܽ 
0 and ݀  0  are two fixed integers called 1st term and common difference respectively of an Arithmetic 
Progression (AP). In his Ph.D. thesis, Hegde called this labeling a strongly (a,d)-indexable labeling [1]. If such a 
labeling exists, then G is said to be an (a,d)-edge antimagic total labeling. Moreover, f is a super (a,d)-edge-
antimagic total graph is a graph that admits a super (a,d)-edge antimagic total labeling. The (a,0)-edge- 
antimagic total labelings are usually called edge-magic in the literature [2,3,6,7]. Definition of (a,d)-edge-
antimagic total labeling and super (a,d)-edge-antimagic total labeling where introduced by Simanjuntak et.al 
[14]. These labelings are natural extensions of the notions of edge magic labeling studied by Kotzig and Rosa 
[10]. Also see [3,9,13,15] and the concept of super edge-magic labeling defined by Enomoto et.al [11]. Mac 
Dougall and Wallis [12].  

Many other researchers obtained different forms of antimagic graphs. For example see Bodendiek et.al [2], 
Harts field et.al [8], Baca et.al [3] established some relationships between (a,d)-edge-antimagic vertex labeling 
and (a,d)-edge-antimagic total labeling. Also Bac௩ ܽ et.al studied super (a,d) edge-antimagic total labelings of 
mK [4] and super (a,d)-edge-antimagic properties of certain classes of graphs, including friendship graphs, 
Wheels, fan, complete graphs and complete bipartite graphs [5]. 

In this paper we establish super (a,d)-edge-antimagic properties of certain classes of graphs, including Fans 
graph, Single fan graph, Half Kite graph and Ambrela graph. 
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II. FAN GRAPHS 

The Fans graph F is a set of n triangles having a common vertex as a centre c and joined by a pendent edge cx 
where x is pendent vertex. For the th triangle denote the other two vertices ݔ and  ݕ 

Theorem2.1. Suppose that the Fans graph   F ሺ݊   1) is super (a,d)-edge-antimagic total then ݀  < 3. 

Proof . Suppose that F, ݊   1 has a super (a,d) edge-antimagic total labeling 

݂: ܸሺ Fሻሼ1,2, … ,5n  3ሽ. 

Thus W = {ݓሺݒݑሻ:ݓሺݒݑሻ ൌ ݂ሺݑሻ  ݂ሺݒሻ  ݂ሺݒݑሻ, ݒݑ ∈ ሺ Fሻܧ ൌ ሼܽ, ܽ  ݀,… , ܽ  3݊݀ } is set of edge-
weights. One can easily see that the minimum possible edge-weight in super (a,d)-edge-antimagic total  labeling 
is at least 2n+6. On the other hand, the maximum edge weight is no more than 9݊  5 

Thus,     ܽ +  3݊݀   9݊  5 

and ݀ 
ଽାହି 

ଷ
൏

ିଵ

ଷ
൏ 3 

The following result is interesting because it Characterizes (a,1)-edge-antimagicness of Fans graphs. 

Lemma2.1. The Fans graph F has (a,1)-edge-antimagic vertex labeling for  n=1,2,...,6,7. 

Proof . First we verify that F  has (a,1)-edge-antimagic vertex labeling for n=1,2,...,6,7. 

Trivially Fଵ has (a,1) edge antimagic vertex labeling  ଵ݂  with  ଵ݂ ሺܿሻ ൌ 1, ଵ݂ ሺݔଵ ሻ ൌ 2, 

  ଵ݂ሺݕଵ ሻ = 4,  ݂ሺݔሻ= 3 or  ଵ݂ ሺܿሻ = 3, ݂ሺݔଵሻ ൌ 2,   ݂ሺݕଵሻ ൌ 4, ݂ሺݔሻ= 1  

In the case n=2,  label   ଶ݂(c) = 3,   ଶ݂(ݔଵ) = 1,   ଶ݂(ݕଵ) = 5,   ଶ݂(ݔଶ) = 4,   ଶ݂(ݕଶ) = 6, ݂ሺݔሻ ൌ 2. 

If n=3, then label   ଷ݂(c) = 5,   ଷ݂(ݔଵ) = 1,   ଷ݂(ݕଵ) = 4,   ଷ݂(ݔଶ) = 3,   ଷ݂(ݕଶ) = 7,   ଷ݂(ݔଷ) = 6,   ଷ݂(ݕଷ) = 8,   ଷ݂ ሺݔሻ= 2 

If n=4, then label   ସ݂(c) = 7,   ସ݂(ݔଵ) = 1,   ସ݂(ݕଵ) = 6,   ସ݂(ݔଶ) = 2,   ସ݂(ݕଶ) = 4,   ସ݂(ݔଷ) = 5,   ସ݂(ݕଷ) = 9,   ସ݂(ݔସ) = 8,  

  ସ݂(ݕସ) = 10,   ସ݂ ሺݔሻ= 3 

If n=5, then the construct the vertex labeling ହ݂ in the following way: 

  ହ݂(c) = 9,   ହ݂(ݔଵ) = 1,   ହ݂(ݕଵ) = 8,   ହ݂(ݔଶ) = 2,   ହ݂(ݕଶ) = 6,   ହ݂(ݔଷ) = 3,   ହ݂(ݕଷ) = 4,   ହ݂(ݔସ) = 7,  

  ହ݂(ݕସ) = 11,   ହ݂ ሺݔହሻ= 10,   ହ݂ ሺݕହሻ= 12,   ହ݂ሺݔሻ = 5, 

For n=6, put   ݂(c) = 11,   ݂(ݔଵ) = 1,   ݂(ݕଵ) = 10,   ݂(ݔଶ) = 2,   ݂(ݕଶ) = 7,   ݂(ݔଷ) = 3,   ݂(ݕଷ) = 5,   ݂(ݔସ) = 4,  

  ݂(ݕସ) = 6,   ݂ ሺݔହሻ= 9,   ݂ ሺݕହሻ= 13,   ݂ሺݔሻ = 12,   ݂ሺݕሻ = 14.  

Lastly for n=7, put   ݂(c) = 13,   ݂(ݔଵ) = 1,   ݂(ݕଵ) = 10,   ݂(ݔଶ) = 2,   ݂(ݕଶ) = 7,   ݂(ݔଷ) = 3,   ݂(ݕଷ) = 9,   ݂(ݔସ) = 
4,    ݂(ݕସ) = 6,   ݂ ሺݔହሻ = 5,   ݂ ሺݕହሻ= 8,   ݂ሺݔሻ = 11,   ݂ሺݕሻ = 15,   ݂ሺݔሻ  = 14,   ݂ሺݕሻ = 16, ݂ሺݔሻ ൌ 12 

It is a matter of routine checking to see that the vertex labeling   ݂ , 1  ݅  7 are (a,1)-edge antimagic. 

Conversely suppose that there exists a one to one function ݂ ∶ V ሺFሻ = {1, 2, ..., 2݊ + 2} with the set of edge-
weights of all edges in F  is W (Fሻ  = {ܽ, ܽ  1, ..., ܽ  3݊}.  Let ݂ሺܿሻ = ݇, ݂ሺݔሻ ൌ  ݈, ݈   ݇   2݊ 
2 and ݂ሺVሺFሻ) =   ଵܵ ∪ ܵଶ ∪ ሼ݇ሽ ∪ {݈ሽ where ଵܵ ൌ ሼ1,2, … , ݇ െ 2, ݇ െ 1ሽ ܽ݊݀ ܵଶ= { ݇  1, ݇  2,… ,2݊, 2݊ 
1ሽ  is a set consecutive integers. 

Let ଵܹ = { ݓሺܿݔሻ: 1  ݅   ݊ሽ ∪ ሼݓሺܿݕሻ ∶ 1  ݅   ݊ሽ ∪ ሼ ݔሽ 

ଵܹ = { ݇  1, ݇  2,… ,2݇ െ 2,2݇ െ 1,2݇  1,2݇  2,… , ݇  2݊   ሽݔ2

where as ଶܹ = {ܽ, ܽ  1,… , ݇ െ 1, ݇ሽ and ଷܹ = { 2݇, 2݇  4,… , ܽ  3݊ െ 2ሽ as the sets of edge weights where 
ଶܹ and ଷܹ are obtained as sum of two distinct elements in ଵܵ − ଵܵ and ܵଶ − ଵܵ  respectively. There exist an 

pendent edge cx such that W(ܿݔ) = ଵܵ + ܵଶ  ie c+x where ଵܵ, ∈ ଵܵ,  ܵଶ ∈ ܵଶ.  Set S−{ ଵܵ} contains  > ݇ −3 distinct 

elements and 
 ିଷ

ଶ
  pairs of edge weight which implies k must be odd and | ଶܹ  | = 

 ିଷ

ଶ
     

The sum of the values in the set ܵ െ  ଵܵ is equal to the sum of the edge weight in ଶܹ 

Thus 

k(k-1)/2 - ଵܵ = 
 ሺିଶሻ

ଶ
 +ቀ

 ିଶ

 ସ
ቁ ቀ

 ିଶ

 ଶ
െ 1ቁ  where 1  ଵܵ   ݇  − 1 

or  
 ଷ

ସ
  ܽ   

 ଷା଼

ସ
 

The value of the c is used (2n+1) times and the value of other vertices are used twice in the computation of the 
edge-weights. The sum of all the vertex labels used to calculate the edge-weight of F is equal to  
2∑ ݂ሺݔሻ


ୀଵ    2∑ ݂ሺݕሻ


ୀଵ   ሺ2݊  1ሻ݂ሺݔሻ  ݂ሺݔሻ ൌ 4n2 10݊ + 6 + 2݊݇ െ 2݇ െ ݂ሺݔሻ 

The sum of the edge-weights in the set W is 

∑ ݓ
ୀଵ ሺܿݔሻ +∑ ݓ

ୀଵ  ሺܿݕሻ  ∑ ݓ
ୀଵ ሺݔݕሻ  ሻݔሺܿ ݓ ൌ 3݊ܽ 

ାାૢ 
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Thus the following equation holds 

2∑ ݂
ୀଵ ሺݔሻ +2∑ ݂

ୀଵ  ሺݕሻ  ሺ2݊  1ሻ݇ െ 2݇ െ ݂ሺݔሻ ൌ 3݊ܽ 
ାାૢ 


 

or 4nk-4-2x-n2 +15݊+8=6݊ܽ 

or 4nk-2k-2x- n2 +15݊+8=6݊ܽ. 

Since k is odd from 3  ݇   2݊  1,
 ଷ

ସ
  ܽ  

 ଷା଼

ସ
 

and from last equation we get all possible integers of parameters n,k,a,x which are 

(݊, ݇, ܽ,  .ሻ = (1, 1, 3, 3), (2, 3, 4, 2), (3, 5, 5, 2), (4, 7, 6, 3), (5, 9, 7, 5), (6, 11, 8, 8), (7, 13, 19, 12)ݔ

Theorem2.2. The fan graph Fhas super (a,d) antimagic total labeling where d = 0, 2 and  n = 1,2,...,7.  

Proof . Label the vertices of F, n = (1,2,...,7)  by the vertex labeling   ݂ , 1   ݅   7 . From the previous 

lemma it follows that each labeling    ݂ , 1   ݅   7 . .  successively suppose the value 1,2,...,2n+2 

and the edge-weight of all the edges of  F constitute an AP of common difference 1. If for each 

F, ݊ = {1, 2, ..., 7}, we make the edge labeling from the set {2݊ + 3, 2݊ + 4, ...5݊ + 3} then 

resulting total  labeling can be 

(1) Super (a,0)-edge-antimagic with the common edge-weight a or 

(2) Super (a,2)-edge-antimagic where edge-weights constitute an AP of common difference 2. 

III. SINGLE FAN 

   A Single fan F, ݊   2 is a graph obtained by joining a vertex c to all the vertices of a path P and the vertex 
 ݔ ∉ ܲ.  Thus F,  = (P ,ܿ ାଵ is stand. F  has  n+2  vertices sayݔܿ where {c} + ({ݔ}∪ ,ݔ ,ଵݔ … ,ଶݔ , ,ݔ  ା࢞
and 2n edges say ܿݔ, 1  ݅   ݊, and stand  ࢞ࢉା  and  ݔݔାଵ,  where 1 ݅    ݊ − 1 

   We obtain a least upper bound for super (a,d) edge antimagic total  labeling of Single Fan. 

Theorem3.1. If  F  =  (P  ∪ ሼݔାଵሽሻ + {c} is super (a,d)-edge-antimagic total labeling then  d < 3. 

Proof . Let  : ݂ ∶ V (Fሻ  ∪ E (Fሻ  {1, 2, ..., 3n + 2}, f is super (a,d)-edge-antimagic total 

Labeling. 

The set of edge weights W(Fሻ = {ݓሺݒݑሻ : ݒݑ ∈ EሺFሻ } = {ܽ, ܽ  ݀,…,ܽ  ሺ2݊ െ 1ሻ݀ሽ 

The total edge weight of set is ∑ ሻݒݑሺݓ ൌ 2݊ܽ  ݊ሺ2݊ െ 1ሻ݀………… . . ሺ1ሻ௨௩∈ாሺிሻ  

The sum of all vertex labels and edge labels used to calculate the edge-weights is thus equal 

to 3∑ ݂ିଵ
ୀଶ ሺݔሻ  ሺ݊  1ሻ݂ሺܿሻ  ݂ሺݔାଵ)+2{݂ሺݔଵ)+݂ሺݔሻሽ  ∑ ݂ሺݒݑሻ௨௩∈ாሺிሻ  

=3∑ ݂ାଶ
ୀଵ ሺݔሻ  ሺ݊ െ 2ሻ݂ሺܿሻ െ 2݂ሺݔାଵሻ െ ሼ݂ሺݔଵሻ  ݂ሺݔ ሻሽ  ∑ ݂ሺݒݑሻ௨௩∈ாሺாሻ  

= 3ሼ1  2 ⋯ ሺ݊  2ሻሽ  ሺ݊ െ 2ሻ݂ ሺܿሻ െ 2݂ሺݔାଵሻ െ  ݂ሺݔଵ) - ݂ሺݔ) + { ݊+3,…,3݊  2ሽ 

= 
൛ଵଵమାଶହାଵ଼ൟାଶሺିଶሻሺሻିସሺ௫శభሻିଶሺ௫భሻିଶሺ௫ሻ

ଶ
 ……………………………..…(2) 

From (1) and (2) we have the following equation  
 ൛ଵଵమାଶହାଵ଼ሻൟାଶሺିଶሻሺሻିସሺ௫శభሻିଶሺ௫భሻିଶሺ௫ሻ

ଶ
  = 2݊ܽ  ݊ሺ2݊ െ 1ሻ݀ 

݀ ൌ  
 ଵଵమାଶହାଵ଼ାଶሺିଶሻሺሻିସሺ௫శభሻିଶሺ௫భሻିଶሺ௫ሻିସ

ଶሺଶିଵሻ
  

The minimum possible edge-weight is a = 1 + 2 + ݊ + 3. The label of centre is ݂(ܿ) ≤ ݊  2, ݂ሺݔାଵሻ 
1 and ݂ሺݔଵሻ  ݂ሺݔሻ   3 

݀ ≤  
ଽమା

ଶሺଶିଵሻ
൏ 3  
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IV.  HALF KITE 

The half kite graph is a set of n triangles and 2n tails (pendent edges) having a common centre vertex ’c’. For ݅௧ 
triangle, pendent edges are denoted by ݔ and  ݕ denote the other two vertices see fig 1. 

 

Theorem 4.1. Every half kite graph K, ݊  1 has super (a,1)-edge-antimagic total labeling. 

Proof . Now define the vertex labeling: V (K ) = {1, 2, ...,, 4݊  + 1} and the edge labeling 

EሺKሻ = {4݊  + 2, ..., 5݊} in the following way 

݂ ሺcሻ ൌ 2݊ + 1 

݂ ሺݔ) = ݅, 1≤ ݅ ≤ 2݊ 

݂ ሺݕ) = 4݊  2 െ ݅,    1≤ ݅ ≤ 2݊  

݂ ሺܿݔሻ ൌ ൞
6݊  3 െ

݅  1

2
, ;݀݀ ݏ݅ ݅ ݂݅

8݊  3 െ
݅

2
, ݊݁ݒ݁ ݏ݅ ݅ ݂݅

 

݂ ሺܿݕሻ ൌ ൞
4݊  1 

݅  1

2
, ;݀݀ ݏ݅ ݅ ݂݅

6݊  2 
݅

2
, ݊݁ݒ݁ ݏ݅ ݅ ݂݅

 

݂ ሺݔݕሻ ൌ ൜
8݊  2  ݅,         ݂݅ 1  ݅  ݊ െ 1

5݊  2, ݂݅ i  ൌ n
 

Now we study the super (a,1)-edge-antimagic total labeling of half kite ܭ set of n triangles having common 

centre vertex with 
ିଵ

ଶ
  tails (pendent edges) at centre vertex c, let ݔ denote the pendent vertices and ݕ and ݖ 

denote the other two vertices (see fig 2.) 

Theorem 4.2. Every half kite ܭ, ݊  1 with  
ିଵ

ଶ
  pendent edges when n is odd has super (a,1)-edge-antimagic 

total labeling. 

Proof .  Let ݂ ∶ ܸሺܭሻ → ሼ1,2, … . ,
ହାଵ

ଶ
ሽ  be the vertex labeling  

and ݂: ሻܭሺܧ → ሼ
ହାଵ

ଶ
  1… 6݊ሽ We define f as follows: 

݂ሺܿሻ ൌ  1 

ݔ݂ ൌ ݅  1, 1  ݅ 
݊ െ 1

2
 

݂ሺݕሻ ൌ
݊  1

2
 ݅, 1  ݅  ݊  

݂ሺݖሻ ൌ
ሺ3݊  1ሻ

2
 ݅, 1  ݅  ݊ 
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݂ሺܿݔሻ ൌ  2  ݅, 1  ݅ 
݊ െ 1

2
 

݂ሺܿݕሻ ൌ
݊  1

2
 1  ݅, 1  ݅  ݊ 

݂ሺܿݖሻ ൌ
݊  1

2
 ݅, ݊   1  ݅  2݊ 

݂൫ݕݖିଶሺିଵሻ൯ ൌ 3݊  3 െ  ݅, 1  ݅ 
݊  1

2
 

݂൫ݕݖଶିଶሺଵିሻ൯ ൌ 4݊  3 െ ݅,
݊  3

2
 ݅  ݊ 

V.  AMBRELA 

A wheel ܹ, ݊  3 is a graph obtained by joining all vertices of a cycle ܥ to a another vertex ܿ called the 
centre. An Ambrela ܣ, ݊  3 is a graph obtained by joining c to ݕଵ of a path ܲ. ܣ contains 2n+1 vertices say 
,ଵݔ ଶݔ ,ݔ… .… ܿ, ,ଵݕ ,ଶݕ … , ,ݔܿ  and 3n edges sayݕ 1  ݅  ݊, ,ାଵݔݔ 1  ݅  ݊ െ 1, ,ଵݔݔ   ାଵ,   1ݕݕ  ݅ 
݊ െ 1 and   ܿݕଵ. 

Theorem 5.1. If Ambrela ܣ, ݊  3 is super (a,d)-edge-antimagic total labeling then ݀ ൏ 3. 

Proof . Suppose that there exist a bijection ݂: ܸ ሺܣሻ ∪ Eሺܣሻ → ሼ1,2, … , ݊  1, ݊  2,…5݊  1ሽ 

Which is a super (a,d)-edge-antimagic total 

And W = { ݓሺݒݑሻ: ݓ ሺ ݒݑሻ ൌ  ݂ሺݑሻ  ݃ ሺݒሻ  ݃ሺݒݑሻ,  ݒݑ ∈ ሻሽܣሺܧ ൌ ሼܽ, ܽ  ݀,… , ܽ  ሺ3݊ െ 1ሻ݀ሽ  

is the set of all edge weights. The maximum edge weight is no more than 2݊  ሺ2݊  1ሻ  ሺ5݊  1ሻ 

Thus 

ܽ  ሺ݁ െ 1ሻ݀ ൌ ܽ  ሺ3݊ െ 1ሻ ݀  9݊  2……………………………… . . … ሺ3ሻ 

on the other hand, the maximum possible edge weight is at least 

1 + 2 + (2݊ + 2)  ie  ܽ  2݊  5……………………………………… . . ……....(4) 

From (3) and (4) for ambrela ܣ we have 

ܽ  ሺ3݊ െ 1ሻ݀  9݊  2 

݀ 
ଽାଶି

ଷିଵ


ାଷ

ଷିଵ
 < 3 

Theorem 5.2. The Ambrela ܣ An has super (a,d)-edge-antimagic total labeling with ݂ሺݔሻ = ݅, 

1 ݅  ݊, ݂ ሺܿሻ ൌ ݊  1, ݂ ሺݕሻ ൌ  ݊  1  ݅, 1  ݅  ݊,  if and only if ݀  =  
ଵାଽ

ଷ
  .  

Proof . Assume that a one-one and onto function  ݂: V ሺܣሻ ∪ E ሺܣሻ → ሼ1,2, … ,5݊  1ሽ is a super (a,1)-edge-
antimagic total labeling. In the computation of the edge weight of ܣ under the one-one and onto function f the 
label of the centre is used n+1 times, the label of each vertex ݔ, 1  ݅  ݊  is used 3 times, label of each vertex 
, 1ݕ  ݅  ݊  - 1 is used 2 times and ݕ  once. 

Thus 

3∑ ݂
ୀଵ ሺݔሻ  ሺ݊  1ሻ݂ሺ݁ሻ  2∑ ݂ିଵ

ୀଵ ሺݕ) + ݂ሺݕሻ  ∑ ݂ሺ݁ሻ∈ாሺሻ  

ൌ 3ሺ1  2 ⋯2݊  1ሻ  ሺ݊ െ 2ሻ݂ሺ݁ሻ െ ∑ ݂ିଵ
ୀଵ ሺݕሻ െ 2݂ሺݕሻ  ሾ2݊  2…5݊  1ሿ  

=   
ଷଷమାଶା

ଶ
 ሺ݊ െ 2ሻ݂ሺ݁ሻ െ ∑ ݂

ୀଵ ሺݕሻ െ ݂ ሺݕሻ …………………………..……(5) 

The sum of the edge weights under the one-one and onto mapping f is 

 ∑ ሺ݁ሻݓ ൌ
ଷ

ଶ
ሼ2ܽ  ሺ3݊ െ 1ሻሽ………………………………………………… . . . ሺ6ሻ ∈ாሺሻ  

From (5) and (6) 
ଷ

ଶ
ሼ2ܽ  ሺ3݊ െ 1ሻሽ ൌ

ଷଷమାଶା

ଶ
 ሺ݊ െ 2ሻ݂ሺܿሻ െ ∑ ݂

ୀଵ ሺݕሻ െ ݂ሺݕሻ  

By putting ݂ሺܿሻ ൌ  ݊  1 

 3݊ܽ 
ଷ

ଶ
ሺ3݊ െ 1ሻ ൌ

ଷଷమା ଶା

ଶ
 ሺ݊ െ 2ሻሺ݊  1ሻ െ ሾሺ݊  2ሻ ⋯ ሺ2݊  1ሻሿ െ ሺ2݊  1ሻ  

3݊ܽ ൌ
ଷଷమାଵ଼

ଶ
 െ

ଷ

ଶ
 (3݊ െ 1ሻ  ሺ݊ െ 2ሻሺ݊  1ሻ െ

ሺଶାଵሻሺଶାଶሻ


 –

ሺାଵሻሺାଶሻ

ଶ
െ ሺ2݊  1ሻ 

ܽ ൌ
ଵାଽ

ଷ
   where  n = 3,9,15,21..... 
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