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Abstract— In this paper, we have applied an accurate and efficient homotopy analysis method (HAM) to
find the approximate/analytical solutions for space and time fractional reaction- diffusion equations
arising in mathematical chemistry. The method provides solutions in rapid convergence series with
computable terms. To the best of our knowledge, until now thereisno rigorous HAM solutions have been
reported for the space and time fractional reaction-diffusion equations (FRDES). Some numerical
examples are presented to demonstrate the validity and applicability of the method. The power of the
manageable method is confirmed. Moreover, the use of HAM is found to be accurate, efficient, simple,
flexible and less computation cost.
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I. INTRODUCTION

In recent years, notable contributions have been made to the applications of fractiona differential equations
(FDES). These equations are increasingly applied to efficient model problems in research areas as diverse as
machanical systems, dynamical systems, control, chaos,continuous time random walks, anomalous diffusive and
subdiffusive systems, wave propagation and so on. The fractional calculus and its applications (that is, the
theory of integrals and derivatives of any arbitrary real or complex order) has gained considerable popularity
and importance during the past three decades or so, mainly due to its applications in diverse fields of science
and engineering [1,5,6]. Mathematical modelling of complex processes is a major challenge for contemporary
scientist. In contrast to simple classical systems, where the theory of integer order differential equations is
sufficient to describe their dynamics, fractional derivatives provide an excellent and an efficient instrument for
the description of memory and hereditary properties of various complex materials and systems.

The diffusion of two or more chemicals at unequal rates over a surface react with one another in order
to form stable patterns is represented by reaction diffusion equation. The nature of the diffusion is characterized

by temporal scaling of the mean square displacement <r2(t)> ~ 1% For standard diffusion a=1, whereas in

anomalous sub diffusion a<l and in anomalous super diffusion o>1. Standard diffusion is represented by
classical diffusion equations and sub diffusion and super diffusion are represented by fractional diffusion
equations. In last few decades fractional differential equations are increasingly using in the modelling of various
physical and dynamical systems. The most important advantage of using fractional differential equationsis their
non-local property. It is well known that integer- order fractional operator but the fractional order differential
operator is a nonlocal operator. This indicates that the next state of a system depends not only upon its current
state but also upon all of its previous states. Recently, Das [2] had applied the variational iteration method for
fractional order diffusion equations. Hariharan et a. [14,15] introduced the Haar wavelet method for some
nonlinear parabolic equations.

Recently, various iterative methods are applied for getting numerical and analytical solutions of linear
and nonlinear fractional reaction-diffusion equations [3,4,7,8,9,10-13]. The homotopy analysis method (HAM)
was introduced by Liao [16,18-20]. The proposed method has been used by many mathematicians and engineers
to solve various equations based on homotopy, which is a basic concept in topology. In recent years, HAM has
been successfully employed to solve many types of nonlinear homogeneous or nonhomogeneous equations and
systems of equation as well as problems in science and engineering [4,7,8,9,10,17,21]. More recently, Hariharan
[17] applied the HAM for Kolmogorov-Petrovskii-Piskunov (KPP) and fractional KPP equations. The validity
of the HAM is independent of whether or not there exist small parameters in the considered equation. HAM
provides us with a simple way to adjust and control the convergence of solution series.

Three types of fractional diffusion equations can be produced when considering non-Gaussisan distributions.
Thefirst is the space fractional diffusion
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Here the diffusion is Markovian.

The second typeis the time fractional diffusion equation

’U o

X _ 2= )
otf  ox

Here the diffusion is non-Markovian and can be further be divided into 0< /<1 which has sub diffusive

behaviour and 1< /3 < 2 which has a super diffusive behaviour.

The third type is mixed case with both space and time fractional derivatives

U o

ot oX
The outline of this paper is as follows. In section 2, we review the basic idea of Liao’s method. In section 3, we
present the application of the HAM to space and time fractional reaction-diffusion equations (FRDEs) and also
some numerical examples are provided for demonstrating the applicability and validity of the method. Also a
conclusion given in section 4.

O<a<?2 (1)

Definitions of fractional derivatives and integrals

In this section, we have given some notations, definitions and preliminary facts that will be used further
in this work. The Caputo fractional derivative alows the utilization of initial and boundary conditions involving
integer order derivatives, which have clear physically interpretations. Therefore, in this paper we shall use the

Caputo derivative D proposed by Caputo in his work on the theory of viscoelasticity. In the development of
theories of fractiona derivatives and integrals, it appears many definitions such as Riemann-Liouville and
Caputo fractional differential-integral definition as follows.

(1) Riemann-Liouville definition:

m, a=me N;
dt™

am 1 I f(T)

dt™ I(m-a); (t-T)"™

Fractional integral of order & isasfollows:

1 t

“Df f(t)=
dT, 0<m-l<a<m

RIZf(t)= t—T)“" f(T)dT, a>0.
0= e
(2) Caputo definition:

m a=me N;
s dat™ ’
aDt f(t): 1 t f(m)(-l-)

[ __dT, 0<m-1l<a<m
F(m—oc)a(t_T)

1. BASICIDEA OFHAM

In this section the basic ideas of the homotopy analysis method are introduced. Here a description of the method
is given to handle the general nonlinear problem.

Nuy(t)=0, t>0,
(4)
Where N isanonlinear operator and U (t) isunknown function of the independent variablet.
A. Zero- order deformation equation
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Let uo(t) denotetheinitial guess of the exact solution of Eq. (4), h# 0 an auxiliary parameter, H(t) # 0
an auxiliary function and L an auxiliary linear operator with the property.

L(f(®) = 0,when f(t) = 0.
©)
The auxiliary parameter h, the auxiliary functionH (t), and the auxiliary linear operator L play important roles
within the HAM to adjust and control the convergence region of solution series. Liao [16,18] constructs, using
q € [0, 1] as an embedding parameter, the so-called zero-order deformation equation.

(6)(1 — @L[(2(t; q) — uo(t)] = ghH®N[(B(t; )],

Where @(t; q) isthe solution which dependson h, H(t), L, u(t) and g. when g=0,the zero-order
deformation Eq.(4) becomes
?(t; 0) = uy (),

(7

and when g=1, sinceh# 0 and H(t) # 0, the zero-order deformation Eq.(6) reduces to,
N[o(t;1)] =0,
)
So, @(t; 1) isexactly the solution of the nonlinear Eq.(6). Define the so-called m" order deformation
derivatives.
1 a™d(t;q)

Un(t) = = ©)
If the power series Eq.(6) of @(t; q) converges at g=1, then we gets the following series solution:
u(t) = uy(t) + Ym=q1 Um (0). (10)

Where the terms U,,, (t) can be determined by the so-called high order deformation described below.

B. High- order deformation equation
Define the vector,

5
Uy ={Uy (1)t (1), (1) ..Uy (1)} (11)
Differentiating Eq.(6) m times with respect to embedding parameter g, the setting g=0 and dividing

them by m! , we have the so-called m™ order deformation equation.

L[um(t) - Nmum—l(t)] = hH(t)Rm(Wn)J t): (12)
With initial condition u,(0) =0

_ oom<1
Where N’"_{ 1, otherwise (13)
and
— N 1 ™ IN[p(tq)]
R, (u, t) = Dl agn-t (14)
For any given nonlinear operator N, theterm Rm (In), t) can be easily expressed by Eq.(14).
Now the solution of the m™ order deformation Eq.(12) for m > 1becomes
Un(t) = Zn U2 O + BH (D3R, (Ut + € (15)
where c is the integration constant determined by the given initial condition and
« 1 .
IOl f(£)ds. (16)
@)y
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Thus, we can gain uq (t), uy(t) ... .... by means of solving the linear high-order deformation Equation one
after the other order in order. The m™ order approximation of u(t) is given by
u(t) = Yo wy (0). (17)

I11. APPLICATIONSOF LIAO'SMETHOD
Example: 1 We consider the time fractional Gas dynamic equation

0°u  19(u?)
— —u(l-u)=0,0<a<1t>0
T2 ok Ay @<t
(18)
Withinitial condition u(x,0)=a (a constant) (29
We will apply the Liao’s method to solve Eq.(18) subject to theinitial condition Eq.(19)
We define the nonlinear operator as
0% p(x,1; 194%(x,t;
N[p(x, t;q)] = XD LITOED s v g1 gix i)
ot 2 ox (20)
and linear operator
27p(X,t;
Llp(ti ] = LEXED
ot (21)
With the property
L(cy(x))=0 (22)

Where ¢; (x) isthe integration constant. Now by using Eq.(12) we have

g o 9“e(xta)  194°(xtq) . .
Rl o= S5 22 - g ta)L- 6(x.60)) 2

and the solution of the mth order deformation Eqg. (12) for m>1 becomes
Upa (1) = 2,U a6 8) + LHRH (R (T, )]

(24)
Since m>1, y,=1 and under the rule of solution expression suggested by Liao [16] we set the auxiliary function
H(r,t)=1 and also this eguation has sub diffusive behavior we obtain the following successive approximations as

Uy(x,t)=a
ta
u(xt)=all-a
x=all-a)e
(l )1 5 t(Za) 2( 1 )2 t(3a)
M =al-a)l-2a)——-a“(-1+a
(%) =22 oa+2) rGa+1)
Thefinal solution in aclosed formis
t(a) t(Za) ) t(30‘)
u(x,t)=a+a(l-a)——+a(l-a)(1-2a) —————+a(l—-a)(1-6a+6a°) ——
(x.0) ( )F(a+1) ( ) )F(2a+1) ( ) )F(3a+1)
t(40‘)
+a(l-a)1-2a)(1-12a+12a®) ———+ e,
(1-a)( )( )r(4a+1)
(25)

When a=1, we get the closed form solution as
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ae'

)= e (20

Example: 2 We consider another nonlinear homogeneous gas dynamic equation

2
a—U+EM—U(1—U):O,OS x<1t>0
ot 2 ox (27)

With initial condition u(x,0) = et (28)

We will apply the Homotopy analysis to solve Eq.(27) subject to theinitial condition
Eq.(28)
We define the nonlinear operator as

0“p(xt;q) , 19¢°(x,t;q)

N[g(xt;a)]= o > o #(x.t; a)(1-9(x.t;q)) 9
and linear operator
Lot = 20D

t (30)
With the property
L(ci(x))=0 (31)

Where ¢; (x) isthe integration constant. Now by using Eq.(12) we have

Ig(x,t;q)  19¢°(xt;q) AL .
[ ]_ ata 2 aX ¢(X,t,C])(1 ¢(X7t’Q)) (32)

and the solution of the mth order deformation Eq.(12) for m>1 becomes
Up (6 8) = ZaU (6,0 + L [H (1, DR, (U, -

Since m>1, x,=1 and under the rule of solution expression suggested by Liao [16] we set the auxiliary function
H(r,t)=1 and also this equation has sub diffusive behavior we obtain the solution as follows
t(ka+l)

u(x,t) = kZO( )F(ka+2) (34)

When a=1 we get the solution in closed forms U(X,t) = e_x(l— e‘t) (35)

0251

o1

Fig,1 Comparison of solutions of Eq.(27) for some values of t and x=0.5 using 4™ term HAM approximation
with 0=0.25(blue curve),a=0.5(green curve),a=0.75(red curve)

ISSN : 0975-4024 Vol 5No 3 Jun-Jul 2013 3081



R.Rajaraman et.al / International Journal of Engineering and Technology (1JET)

0.06

0.05

0.04

0.03

0.02

0.01

\
\
\
\ \
\
\ \
/

\

/

\

\

e

\

/
/

°
2
\
\
R
\
\
\
R e
\
\
AT TIToT T
\

\

\

\
\

0.008

/

0.006

/

/

0.004-

R i A e

/

RN ANy A [ A A ——

/

0.002

Fig.3 The surface area shows u(x,t) for the Eq.(27) using fourth term approximation of HAM with a=0.75 for some values of x and t (x=t)

Example 3: Consider the biological population equation as follows:
9“u(x,t) _ 9% (u(x,t)? N 9% (u(x,1))?
ot” ox? oy’

with initial condition

ux,y,0)= \/X+Yy (37

+u(xt),t>00<a <1 (36)
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We will apply the HAM to solve Eq.(36) subject to the initial condition Eq.(37)
We define the nonlinear operator as

I“g(x, y,t;q) _ 9*(p(x y,9))*  9*(4(x,y,1;0))2

N[g(x.t; )] o =7 Y #(x,y,t;0) o
and linear operator
Loxt )] = S0

(39)
With the property
L(cx(x))=0 (40)

Where ¢; (x) isthe integration constant. Now by using Eq.(12) we have
- 1. 9°9(x y,t0) 9’ (@(xy,ta)° _9*(P(xy,t;q)’ .
U = - - — VA
Rm[ wl] ata axz ayz ¢(X y Q) (41)
and the solution of the mth order deformation equaii on Eq.(12) for m>1 becomes
U (%) = 20U s (1) + LDH (1, OR, U ,0)] ”

Since m>1, yn=1,we set h= -1, H(r,t)=1and & so the equation has sub diffusive behavior we obtain the fina
solution as

u(x,t) =/ x+ Z

Example:4 Consider the time fractional advection dispersion equation

43
k+1 “3)

9°u(x,t) 22u(x,t) , adu(x,t)
-D b
ot” ox* ox

+ Au(x,t),t >00<a<1 (44)

Where D=2, b=2 and A=1
With initial condition
u(x,0)=¢" (45)

Now we will apply the Liao’s method to solve Eq.(43) subject to the initial condition Eq. (45).
We define the nonlinear operator as

N[¢(X,t; q)]: J ¢(X(;t; q) a ¢(X’2t1 q) a¢(X t; q) ¢(X,t; q)
ot oX ay (46)
and linear operator

Lp(x, t;q)] = L 69)

ot” 47)
With the property
L(cy(x))=0 (48)
Where C; (x) isthe integration constant. Now by using Eq.(12) we have
__ 0“d(x,t; a Xt; 00(X,t;
R0 ,..]= N[g(xt;q)]= it m D_o99 > 9D, Joxta) - g(x,t;0)
ot oX oX (49)
and the solution of the mth order deformation Eq.(_12) for m>1 becomes
U (%,1) = 20U s (1) + LDH (1, DR, (U ,0)]

Since m>1, yn=1, we set h= -1, H(r,t)=1 we obtain the final solution as

(50)
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tka

U =2 D)

Fig.5 The surface shows the solution u(x,t) for Eq.(44) at a=1 and t=1.5

Example 5: Consider another time fractional advection dispersion equation
2“u(x,t) D °u(x,t) b au(x,t)

ot” ENG X +Au(xt),t >00< <1

Where D=1, b=1 and A=1
with initial condition

u(x,0)=sinx
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We will apply the Liao’s method to solve Eq.(52) subject to the initial condition Eq.(53)
We define the nonlinear operator as

I“p(xt;q) _9°g(xt;q)  Ig(xt;q)

NloOeta)l=—=5 v 5 ot o
and linear operator
Lot o] = 200
(55
With the property
L(cy(x))=0 (56)

Where ¢, (X) isthe integration constant. Now by using Eq.(12) we have

—— L 9%0(xt0)  d%p(xta)  de(xta)
R mal= Nlpoxtal===5 St =) o

and the solution of the mth order deformation equation Eq.(12) for m>1 becomes

Upa (% 1) = 2,U s (6 ) + L 0H (1, R (T ,0)]
(58)

Since m>1, yn=1, we set h= -1, H(r,t)=1and also the equation has sub diffusive behavior we obtain the final
solution as

u(x,t)=SinX;(—1) m""’s"é(‘n I((2k +Dear +1)

t2ka t(2k+1)0(

(59)

Fig 6. The surface shows the solution u(x,t) for Eq.(52) at a=1 and t=0.5
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Fig.7 The surface shows the solution u(x,t) for Eq.(52) at a=1 and t=1.5

Example 6. Consider the space fractional advection-dispersion equation

ou o°U 0°u
—=05—+05—,0<x<7zt>0 60
ot ox” ox? SAST )

With initial condition

u(x,0) = cosh(2x) (61)
We will apply the Liao’s method to solve Eq.(60) subject to theinitial condition Eq.(61)

We define the nonlinear operator as

(X, t; 9%d(x.t; 7 p(x,t;
N[o(x.t:q)]= ¢>(at 9D_os ¢E§x“ 9D _o5 ¢E§xﬁ 9 o
and linear operator
L] = 22589
t (63)
With the property
L(cy(x))=0 (64)

Where ¢; (x) isthe integration constant. Now by using Eq.(12) we have

(1 — a¢(x’taq) _ r\aa¢(x1t;q) _ :aﬂ¢(X,t1Q)
Rm[U rml]_ ot 0.5 IX” 0.5 ox? (65)

and the solution of the mth order deformation Eq.(12) for m>1 becomes
Upa (1) = 27U ey (6 8) + LEPH (R (T, )]

(66)
Since m>1, yn=1 and under the rule of solution expression suggested by Liao [16] we set the auxiliary function
H(r,t)=1 and we take h=-1 and we obtain the following successive approximations as

Uy (X,t) = cosh(2x)
u,(x,t) = cosh(2x)(0.5(2* + 27 })
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Uy(X,t) = Cosh(2x)(% (05)2(27 +2* )thj

Thefina solutionis

u(x,t) = COSh(ZX)Zn: (%(OB)k (2 +2° )kt"j

When o=1 and p=1 the exact solution is U(X,t) = cosh(2x)e*

ISSN :

0975-4024

04 -

Fig.8 Comparison of solutions of Eq.(60) for some values of t and x=0.5

using 4™ term HAM approximation with a=0.25(blue curve),a=0.5(green curve),a=0.75(red curve)

Fig.9 The surface area shows u(x,t) for the Eq.(60) using fourth term approximation of HAM
with 0=0.5 for some values of x and t(x=t)
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Fig.10 The surface area shows u(x,t) for the Eq.(60) using fourth term approximation of HAM
with 0=0.75 for some values of x and t(x=t)
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Fig.11 The surface area shows u(x,t) for the Eq.(60) with o=1 for some values of x and t (x=t)

Example. 7 Consider the space and time fractional diffusion equation

0°u_ _d”u
at—a—cav,t>0,0<a’ﬁf].,1£,3$2 (69)

Here we take c=2
with initial condition

u(x,0) = cog27x), xe R (70)

We will apply the Liao’s method to solve Eq.(69) subject to the initial condition Eq.(70)
We define the nonlinear operator as

Ll 979(x ) 97g(xt;q)
Nl tal= PPN (71)
and linear operator
Lot )= T2t
(72)
With the property
L(ci(x))=0 (73)

Where ¢; (x) isthe integration constant. Now by using Eq.(12) we have

— 1_ 9“e(xt;q) 97¢(xt;q)
Rl al= SEEH eS8 .

and the solution of the mth order deformation Eq.(12) for m>1 becomes
Up (%8 = 2 2 (6 8) + L NH (1, OR, (U, )] -
75

Since m>1, y,=1 and under the rule of solution expression suggested by Liao [16] we set the auxiliary function
H(r,t)=1 and wetake h=-1 and a so this equation has sub diffusive behavior we obtain the following successive
approximations as

U, (X,0) = cos(27x)
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s 3
2 (27)’ co 27zx+2]

W=y
2227’ cos(Z;zx + ZZ'Bj
U (% D) = (20 +1)
2*(2r)” CO{ZILX + ?’”’Bj
uy(x,t) = 2 J o
¥ (3 +1)

Thefinal solutionis

_2(2r)? cos(Z;zx + kaz'Bj
Hix D = ;) T(ka+1)

When a=1, we get the closed form as U(X,t) = g9 CoS(271X)

Fig.12 The surface area shows u(x,t) for the Eq.(69) using fourth term approximation of HAM
with a=0.5 for some values of x and t(x=t)

Fig.13 The surface area shows u(x,t) for the Eq.(69) using fourth term approximation of HAM
with 04=0.75 for some values of x and t (x=t)
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Fig.14 The surface area shows u(x,t) for the Eq.(69) with o=1 in Eq.(51) for some values of x and t (x=t)

Example: 8 Consider the space and time fractional diffusion equation

0°u _d%u
—=Cc—+,t>00<a <11 <2
ot” ox” 1<p (78)
Here we take c=1
With initial condition
u(x,0) = x* - x*,xe R (79)
We will apply the Liao’s method to solve Eq.(78) subject to the initial condition Eq.(79)
We define the nonlinear operator as
9%d(x,t; 7 p(x,t;
Nl ;)] = SO0 o0 00 00)
ot ox (80)
and linear operator
2%p(X,t;
Llp(x t;q)] = L2L9)
ot (81)
With the property
L(cy(x))=0 (82
Where ¢; (x) isthe integration constant. Now by using Eq.(12) we have
— 9%g(X,t; P p(xt;
RT.]- 9( ] 9 _ 979 . a)
ot oX (83)
and the solution of the mth order deformation Eq.(12) for m>1 becomes
Up s (%,1) = 2 s (%, D) + LHRH (DR, (T, )] o
84

Since m>1, x,=1 and under the rule of solution expression suggested by Liao [16] we set the auxiliary function
H(r,t)=1 and we take h=-1 and also this equation has sub diffusive behavior we obtain the following successive
approximations as

Uy (%,0) = x> — x°
3-4 2-p o
u (%) = 6X B 2X t

r(4-p) r@-p) rla+1)
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u(x t): 6X?r2ﬂ ~ szfzﬁ tza
277\ T(4-28) T(3-28) |T(20+1)

Thefinal solution is

S\ T(4-kB) T(E—kp))T(ka+1) )

All the numerical experiments presented in this section were computed in double precision with some
MATLAB codes on a persona computer System Vostro 1400 Processor x86 Family 6 Model 15 Stepping 13
Genuine Intel ~1596 Mhz

n 3-kp 2-kp ker
u(xt) = Z 6X 2X t

IV.CONCLUSION

In this paper, the homotopy anaysis method (HAM) has been successfully applied to obtain the
approximate/analytical solutions of the space and time fractional reaction-diffusion equations. This work shows
that HAM has significant advantages over the existing techniques. It avoids the need for calculating the
Adomian polynomials which can be difficult in some cases. The reliability of the method and reduction in the
size of computational domain give this method wider applicability. The results show that HAM is a powerful
mathematical tool for finding the exact and approximate solutions of the nonlinear fractional RDEs.
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