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Abstract— This paper is devoted to the rate space of Hahn sequence space. It is denoted by h,. Some
properties of h;; are investigated. Recent work on rate spaces is given in [2] and [3].The space h,; with
sequencesin a Banach algebra is propounded.
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I. INTRODUCTION
A Notation and Definition (See[5] )
We consider sequencesin aBanach algebra A with norm|| ||
Let a = (a;) witha; € A.
[Ilall] is the norm of the sequence.
U ={a: Yi=allagll < oo}
bv = {a: Xi=[lAa,]l < oo}

Co = {a: klznoo ai = 0}

a,
b = {as B [[25]] < o}
k
bvy = {a: Y= llAay |l < o, Aay = ay — ayyq, limy,,, a = 0}

Xk _ Xk+1
Tk Tk+1

h, isthe vector space of al sequences {x; } such that i, k < oo

It is a Banach space as shown in theorem (2.1).

cs = {a: Yx-, ai exists}
oo ={a:n Y5 ap - 0(n - )}
0. = {a Gy I%es el < oo}
The space = isfound in [4].
B Result [1]
Let (X,p) and(Y,q) be semi-normed spaces and T: (X,p)—=(Y,q) be an isometric isomorphism (that is

T is an isomorphism and satisfies g(T(x))=p(x) for each x € X). Then (X,p) is complete if and only if (Y,q) is
complete. In particular, (X,p) isaBanach space if and only if (Y,q) isaBanach space.

The following results are established.
1. MAIN RESULTS

Theorem (2.1):
h,, is aBanach space with the norm |||x||| = {IIxOII + Xk Tk Zkt1) < oo}_
Tk Tk+1
Proof:
Obviously ¥7%: (g Il Illn,) = (GIHE N2, (k) = o — X—1) where x_; =0 is an isometric
isomorphism. Thus (hn, 1. |h1'r) is a Banach space because of following resullt.

Theorem (2.2):[1]
(I, d,) is acomplete metric space with the metric
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dy(x,y) = lllx = yllIvx = () and y = (%) in L.
Proof:
To provethat (I, d,) is complete, we assume that
(x™) with x™ = (x™) isa Cauchy sequencein (I, d).
Sincel, = [f and becausefor al x = (z—i)y = (z—ﬁ) € 1, theinequality

T

Su, . .
do(x,y) = Ei]ollxk =il < Xizollxe — viell = dy(x,y) holds, (x™) is also a Cauchy sequence in

(50

However , ( i dm> iscomplete that is (x(™) convergesto somex = (x;) € I¥ relativeto d.,.
T

s

We now show that x € [, and nli_r)noo dy (x™,x) = 0 which provesthat (x™) converges (to x) in (L, d,).
For any given ¢ > 0 we choose ann, € ¥ such that
dy(x™,x®) <§ (n.v = ny) Q)
Since 1M d.(x¥,x) =0foreachN €N
n — oo
we can chooseavy € N withvy = n, such that
d,(xV,x) <5 = vy) . 2)

Thuswe get for each given N € N and dl n = n, and every v > vy, theinegualities

N N N
Dl =l < D flx =1l + D [l = el
k=0 k=0 k=0

<d;(x™,x®) + Nd,,(x@, x)
< g + E = ¢ (on account of (1)and (2)).

n)

Hence, since N € M is given, we have Ve > 03 ny € NVn > ng: i — x| < & which implies

x™ —x €1, foreveryn >n,, thus x € [, and nli_r)noo di(x™,x) = 0 that is (x™) convergesto x.
Theorem-(2.3):
he =1l 0 [(bv); = 1; N [(bvy)y.
Proof:
Fork =1,2,..
Adk _ Qkt1 kay
kol = e () ©)

Hencea € h implies

A k
o> Tk |7 = Zh- 1||A( ak)” ~ 2=
Thelastser|e5|sconvergentsnceh c L.
Henceaso Y7, ”A(ka")” < o and thereforeh, € L N [(bv),. 4
Conversely (3) implies for a € L, n [(bv), , o> ¥, 122 + S 1||A(ka")|| >3r k|2 and
Tg+1 Tk
lim a
K - ook =0.Thusl, n [(bv); < hg. (5)
From (4) and (5) we get h; = I, N [(bv),.
Theorem(2.4):
he = (0.4
Proof:

ISSN : 0975-4024 Vol 5No 3 Jun-Jul 2013 2339



K.Balasubramanian et.al / International Journal of Engineering and Technology (1JET)

We know that hfﬁ = (0,,)1. Now it is enough to show that h,, is a -dual Kdthe space. In fact we know that
hy =l n [(bv), and asiswell known that [, = (co)f and [ (bv), = (d(cs))f since (bv),, = (Cs)f.

Theorem-(2.5):
h, isaBK-space with AK.
Proof:
L and [ (bvg), with the norms [llalll = S, ||| and fllalll = i, ||A(kn—:)|| respectively are BK -

spaces with AK. Hence by the known result of the intersection of two BK-spaces with AK is again a BK-space
with AK, the result follows.

Ak

Theorem-(2.6):
0) h = (0.)1 (i)  (09)'r = (h)1 where h' isthe conjugate space of h.
Proof:
0) Weknow that h,, isa BK-space with AK. Also we know that h,’i = (0.)1.

Buth? = n',.
Thereforewe get h';; = (0..)1.

Su
(i) It is known that o, with the norm |||a]|| = (nz)?n'l ||ZZ=1z—Z|| isaBK-space with AK.
Hence again by known result (ao)f =(Uo)i- It remains to be shown that (ao)f = h,.

But [ (00)r = J((co)r + (¢5)n).
Hence (6)x = (co) + (d(cs)). and thisimplies (6)§ = (co) N (d(cs))s=h, since

T

T

(co)?=L,, and (d(cs))i=[ (bv)y.

Theorem-(2.7):

Let h,, be asubspace of anormed space [;. If h,, iscomplete, then h, is closed.
Proof:

Let x bealimit point of k.
Then every open sphere centred on x contains points (other than x) of k.
In particular, the open sphere S (x, %) wheren is a positive integer contains a point x,, of h, other than x. Thus
{x,} is asequencein ., such that |[lxc, — x[ll < = v n.
= lim,_, x, =xinl;.
= {x,}isaCauchy sequencein [, and hencein h,.

But h,, being complete, it followsthat x € h,,. This provesthat h isclosed.
Theorem-(2.8):

Let h,, be asubspace of aBanach spacel,;. If h,; isclosed , then b, iscomplete.
Proof:

Let {x,} be a Cauchy sequencein h,. Thenitissoinl,. But [, being complete, 3 x € [, such that x,, — x.
Either x € h;, then we are done, or each neighbourhood of x contains pointsx, (# x). As such, x is a limit
point of h,. But h,, being closed, it followsthat x € h,. Hence the result is proved.

Thus we obtain h,, as a subspace of a Banach space ;. Then h,, iscompleteif and only if b, is closed.

I1l. EXAMPLES
8% &

) e
Ty T2 Tin

many valuesof n. Clearly ¢, < (co); € Iy and ¢, # (co)x-

1. Consider the space ¢, of sequencesx = ( ,0, ) in K wheref[—“ # 0 for only finitely

But (cy), istheclosure of ¢ in (I, |1l Il.)-
Thus ¢,; isnot closed in ¥ and hence ¢,; is an incomplete normed space equipped with the
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norm induced by the norm [||. |||, on 2.

For every real number p > lwehavep, ¢ £ < (co)n.
But (cy), isthe closure of
12 in (co) andll # (co)y. Thus I¥ is not closed in (cy), and hence lX isanincomplete
normed space when endowed with the norm induced by |[||. |||, on (cg)y-

For every real number p = 1 wehavep, c [P,

But 17, isthe closure of ¢, in (12, ]lI.1ll,,) and ¢, # I2.

Thus ¢, isnot closed in I2 and hence ¢,, is an incomplete normed space endowed with the
norm induced by ||l Il,, on If
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