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Abstract— This paper is devoted to the rate space of Hahn sequence space. It is denoted by ૈܐ. Some 
properties of ૈܐ are investigated. Recent work on rate spaces is given in [2] and [3].The space ૈܐ with 
sequences in a Banach algebra is propounded. 

Keywords- Sequence spaces, β-dual, BK-space, AK-space, Hahn sequence space. 

I. INTRODUCTION 
A  Notation and Definition   (See [5] )  

              We consider sequences in a Banach algebra ܣ with normԡ ԡ.  
                           Let ܽ ൌ ሺܽሻ with ܽ א  .ܣ
                         ԡ|ܽ|ԡ is  the norm of the sequence. 
                                                                     ݈ ൌ ሼܽ: ∑ ԡܽԡ∞ୀଵ ൏ ∞ሽ 
ݒܾ                                                                   ൌ ሼܽ: ∑ ԡ∆ܽԡ ൏ ∞∞ୀଵ ሽ 

                                                                   ܿ ൌ ቄܽ: lim݇ ՜ ∞
ܽ ൌ 0ቅ 

                                                                   ݈గ ൌ ቄܽ: ∑ ቛೖగೖቛ ൏ ∞∞ୀଵ ቅ 

ݒܾ                                                            ൌ ሼܽ: ∑ ԡ∆ܽԡ ൏ ∞, ∆ܽ ൌ ܽ െ ܽାଵ, lim՜∞ ܽ ൌ 0∞ୀଵ ሽ 

                       ݄గ is the vector space of all sequences ሼݔሽ such that ∑ ݇ ቛ௫ೖగೖ െ ௫ೖశభగೖశభቛ ൏ ∞∞ୀଵ . 

                       It is a Banach space as shown in theorem (2.1). 
                                        
ݏܿ                                          ൌ ሼܽ: ∑ ܽ∞ୀଵ  ሽݏݐݏ݅ݔ݁ 
ߪ                                          ൌ ሼܽ: ݊ିଵ ∑ ܽ ՜ 0ሺ݊ ՜ ∞∞ୀଵ ሻሽ 

∞ߪ                                          ൌ ቄܽ: ∑ሺ݊ሻ݊ିଵԡݑݏ ܽୀଵ ԡ ൏ ∞ቅ 

                    The space  is found in [4]. 
B  Result [1] 

                  Let (X,p) and(Y,q) be semi-normed spaces and T: (X,p) (Y,q) be an isometric isomorphism (that is 
T is an isomorphism  and satisfies q(T(x))=p(x) for each ݔ א ܺ). Then (X,p) is complete if and only if (Y,q) is 
complete. In particular, (X,p) is a Banach space if and only if (Y,q) is a Banach space. 
The following results are established. 

II. MAIN RESULTS 
Theorem (2.1): 

      ݄గ is a Banach space with the norm |ԡݔԡ| ൌ ቄԡݔԡ  ∑ ݇ ቛ௫ೖగೖ െ ௫ೖశభగೖశభቛ ൏ ∞ሺሻ ቅ. 

Proof: 

      Obviously ∑ିଵ: ൫݄గ, |ԡ ԡ|ഏ൯ ՜ ሺ݈, |ԡ ԡ|ଵሻ, ሺݔሻ ՜ ሺݔ െ ିଵሻݔ  where ିݔଵ ؔ 0  is an isometric 
isomorphism. Thus ൫݄గ, |ԡ ԡ|ഏ൯ is a Banach space because of following result. 
Theorem (2.2):[1] 

          ሺ݈గ, ݀ଵሻ is a complete metric space with the metric 
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                          ݀ଵሺݔ, ሻݕ ൌ |ԡݔ െ ݔ|ԡݕ ൌ ቀ௫ೖగೖቁ ݕ ݀݊ܽ  ൌ ቀ௬ೖగೖቁ  ݅݊ ݈గ. 

Proof: 

        To prove that ሺ݈గ, ݀ଵሻ is complete, we assume that 

          ൫ݔሺሻ൯ with ݔሺሻ ൌ ൫ݔሺሻ൯ is a Cauchy sequence in ሺ݈గ, ݀ଵሻ.  

         Since ݈గ    ݈భഏ∞ and because for all ݔ ൌ ቀ௫ೖగೖቁ , ݕ ൌ ቀ௬ೖగೖቁ א ݈గ the inequality 

        ݀∞ሺݔ, ሻݕ ൌ ݇ݑݏ א ℕԡݔ െ ԡݕ  ∑ ԡݔ െ ԡݕ ൌ ݀ଵሺݔ, ሻ∞ୀݕ  holds, ൫ݔሺሻ൯  is also a Cauchy sequence in ൬݈భഏ∞, ݀∞൰.  

       However , ൬݈భഏ∞, ݀∞൰ is complete that is ൫ݔሺሻ൯ converges to some ݔ ൌ ሺݔሻ א ݈భഏ∞ relative to ݀∞.  

      We now show that ݔ א ݈గ and lim݊ ՜ ∞
݀ଵ ൫ݔሺሻ, ൯ݔ ൌ 0 which proves that ൫ݔሺሻ൯ converges ሺݔ ݐሻ in ሺ݈గ, ݀ଵሻ. 

For any given ߝ  0 we choose an ݊  such that  א
                  ݀ଵ൫ݔሺሻ, ሺజሻ൯ݔ ൏ ఌଶ   ሺ݊. ߭  ݊ሻ                                                                                                    (1)           

                   Since lim݊ ՜ ∞
݀∞൫ݔሺజሻ, ൯ݔ ൌ 0 for each ܰ  ℕ א

                    we can choose a ߭ே א ℕ     with ߭ே  ݊ such that  

                                     ݀∞൫ݔሺజሻ, ൯ݔ ൏ ଵே ఌଶ ሺ߭  ߭ேሻ .                 ሺ2ሻ 

Thus we get for each given ܰ א ℕ and all ݊  ݊ and every ߭  ߭ே the inequalities  ฮݔሺሻ െ ฮݔ  ฮݔሺሻ െ ሺజሻฮݔ  ฮݔሺజሻ െ ฮேݔ
ୀ

ே
ୀ

ே
ୀ  

                                 ݀ଵ൫ݔሺሻ, ሺజሻ൯ݔ  ܰ݀∞൫ݔሺజሻ,  ൯ݔ

                                 ൏ ఌଶ  ఌଶ ൌ  .ሺ1ሻܽ݊݀ ሺ2ሻሻ ݂ ݐ݊ݑܿܿܽ ݊ሺ ߝ

Hence, since ܰ א    is given, we have ߝ  ݊  0 א ℕ ݊  ݊: ∑ ฮݔሺሻ െ ฮ∞ୀݔ  ߝ  which implies ݔሺሻ െ ݔ א ݈గ  for every ݊  ݊ ,  thus  ݔ א ݈గ and lim݊ ՜ ∞
݀ଵ൫ݔሺሻ, ൯ݔ ൌ 0 that is ൫ݔሺሻ൯ converges to ݔ. 

Theorem-(2.3): 

     ݄గ ൌ ݈గ ת ሻగݒሺܾ ൌ ݈గ ת  .ሻగݒሺܾ
Proof: 

     For ݇ ൌ 1,2, … 

            ݇ ∆ೖగೖ ൌ ೖశభగೖశభ  ∆ ቀೖగೖ ቁ                   ሺ3ሻ 

        Hence ܽ א ݄ implies  

            ∞  ∑ ݇ ቛ∆ೖగೖ ቛ∞ୀଵ  ∑ ቛ∆ ቀೖగೖ ቁቛ െ ∑ ቛೖశభగೖశభቛ∞ୀଵ∞ୀଵ . 

The last series is convergent since ݄గ ؿ     ݈గ.  

Hence also ∑ ቛ∆ ቀೖగೖ ቁቛ ൏ ∞∞ୀଵ  and therefore ݄గ ؿ    ݈గ ת  ሻగ.                                                            ሺ4ሻݒሺܾ

Conversely (3) implies for ܽ א ݈గ ת ሻగݒሺܾ ,  ∞  ∑ ቛೖశభగೖశభቛ  ∑ ቛ∆ ቀೖగೖ ቁቛ  ∑ ݇ ቛ∆ೖగೖ ቛ∞ୀଵ∞ୀଵ∞ୀଵ  and lim݇ ՜ ∞
ೖగೖ ൌ 0. Thus ݈గ ת ሻగݒሺܾ ؿ      ݄గ.                                                                                                     (5)                                    

From (4) and (5) we get ݄గ ൌ ݈గ ת  .ሻగݒሺܾ
Theorem(2.4): 

      ݄గ ൌ ሺߪ∞ሻభഏఉ. 

Proof: 
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       We know that ݄గఉ ൌ ሺߪ∞ሻభഏ. Now it is enough to show that ݄గ is a β-dual Kሷ the space. In fact we know  that ݄గ ൌ ݈గ ת ሻగ  and as is well known that ݈గݒሺܾ ൌ ሺܿሻభഏఉ and ሺܾݒሻగ ൌ ൫݀ሺܿݏሻ൯భഏఉ since ሺܾݒሻగ ൌ ሺܿݏሻభഏఉ. 

Theorem-(2.5): 

      ݄గ is a ܭܤ-space with ܭܣ. 
Proof: 

     ݈గ  and ሺܾݒሻగ  with the norms |ԡܽԡ| ൌ ∑ ቛೖగೖቛ∞ୀଵ  and |ԡܽԡ| ൌ ∑ ቛ∆ ቀೖగೖ ቁቛ∞ୀଵ  respectively are ܭܤ -
spaces with ܭܣ. Hence by the known result of the intersection of two ܭܤ-spaces with ܭܣ is again a ܭܤ-space 
with ܭܣ, the result follows. 
Theorem-(2.6): 

(i) ݄Ԣగ ൌ ሺߪ∞ሻభഏ              (ii)       ሺߪሻԢగ ൌ ሺ݄ሻభഏ where ݄Ԣ  is the conjugate space of  ݄ . 

Proof: 

(i) We know that ݄గ is a ܭܤ-space with ܭܣ. Also we know that ݄గఉ ൌ ሺߪ∞ሻభഏ. 

But ݄గఉ ൌ ݄Ԣగ . 
Therefore we get ݄Ԣగ ൌ ሺߪ∞ሻభഏ. 

(ii) It is known that ߪ with the norm |ԡܽԡ| ൌ ሺ݊ሻ݊ିଵݑݏ ቛ∑ ೖగೖୀଵ ቛ is a ܭܤ-space with ܭܣ. 

Hence again by known result ሺߪሻభഏఉ=ሺߪሻభഏ′ . It remains to be shown that ሺߪሻభഏఉ ൌ ݄గ. 

But ሺߪሻగ ൌ ሺሺܿሻగ  ሺܿݏሻగሻ. 

Hence ሺߪሻగ ൌ ሺܿሻగ  ൫݀ሺܿݏሻ൯గ and this implies ሺߪሻభഏఉ ൌ ሺܿሻభഏఉ ת ൫݀ሺܿݏሻ൯భഏఉ=݄గ since ሺܿሻభഏఉ=݈గ and ൫݀ሺܿݏሻ൯భഏఉ=ሺܾݒሻగ. 

Theorem-(2.7): 

  Let ݄గ be a subspace of a normed space ݈గ. If ݄గ is complete , then ݄గ is closed. 
Proof: 

     Let ݔ be a limit point of  ݄గ. 
 Then every open sphere centred on ݔ contains points (other than ݔ) of ݄గ.  

In particular, the open sphere ܵ ቀݔ, ଵቁ where ݊ is a positive integer contains a point ݔ ݂ ݄గ other than ݔ. Thus ሼݔሽ is a sequence in ݄గ such that |ԡݔ െ |ԡݔ ൏ ଵ  .݊  

           lim՜∞ ݔ ൌ  .గ݈ ݊݅ ݔ
          ⇒  ሼݔሽ is a Cauchy sequence in ݈గ and hence in ݄గ. 
But ݄గ being complete, it follows that ݔ א ݄గ. This proves that ݄గ is closed. 
Theorem-(2.8): 

  Let ݄గ be a subspace of a Banach space ݈గ. If ݄గ is closed , then ݄గ is complete. 
Proof: 

     Let ሼݔሽ be a Cauchy sequence in ݄గ. Then it is so in ݈గ. But ݈గ being complete, ݔ  א ݈గ such that ݔ ՜  .ݔ
Either ݔ א ݄గ, then we are done, or each neighbourhood of ݔ contains points ݔ  ሺ്  is a limit ݔ ,ሻ. As suchݔ
point of ݄గ. But ݄గ being closed, it follows that ݔ א ݄గ. Hence the result is proved. 
Thus we obtain ݄గ as a subspace of a Banach space ݈గ. Then ݄గ is complete if and only if ݄గ is closed. 

III. EXAMPLES 

1. Consider the space ߮గ  of sequences ݔ ൌ ቀకభగభ , కమగమ , … కగ , 0, … ቁ in  ॶ   where కగ ് 0 for only finitely 

many values of ݊. Clearly ߮గ ؿ     ሺܿሻగ ؿ    ݈గ∞ and ߮గ ് ሺܿሻగ. 

              But ሺܿሻగ is the closure of ߮గ ݅݊ ሺ݈గ∞, |ԡ. ԡ|∞ሻ. 
              Thus ߮గ is not closed in ݈గ∞ and hence ߮గ is an incomplete normed space equipped with the  
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              norm induced by the norm |ԡ. ԡ|∞ ݊ ݈గ∞. 
2. For every real number   1we have ߮గ ؿ     ݈గ ؿ     ሺܿሻగ. 
         But ሺܿሻగ is the closure of  
         ݈గ ݅݊ ሺܿሻగ ݈ܽ݊݀గ ് ሺܿሻగ.  ݄ܶݏݑ ݈గ ݅݀݁ݏ݈ܿ ݐ݊ ݏ ݅݊ ሺܿሻగ  ܽ݊݀  ݄݁݊ܿ݁ ݈గ    is an incomplete  
         normed space when endowed with the norm induced by |ԡ. ԡ|∞ ݊ ሺܿሻగ. 
3. For every real number  ൌ 1 we have ߮గ ؿ       ݈గ. 

              But ݈గ is the closure of ߮గ in ൫݈గ, |ԡ. ԡ|൯ and ߮గ ് ݈గ. 
              Thus ߮గ is not closed in ݈గ and hence ߮గ is an incomplete normed space endowed with the  

             norm induced by  |ԡ. ԡ|           on  ݈గ. 
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