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Abstract— In this paper, we consider E-b-metric space, which is a generalized vector metric space.The
metric is Riesz space valued. Here, we prove some results concerning common fixed point for four
mappings on E-b-metric spaces. This generalizes the results of Rahimi, Abbas and Rad [4].
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. INTRODUCTION

Rahimi, Abbas and Rad [15] established few common fixed point results on ordered vector metric spaces for
four mappings. Motivated by their work, we extend some of their results of common fixed point theorems for
operators defined on E-b—metric space. Altun and Cevik( [7],[8]) have proved some results for vector metric
space, which is Riesz space valued metric space. E—b—metric space was defined by Petre [13]. He combined

the notions of vector metric space and b—metric space . We recall the basic concepts and notations introduced by
Altun and Cevik ([4],[6]) and Petre [13].

We follow notions and terminology by Aliprantis and Border [3] and Luxemburg and Zannen [11] for Riesz
spaces.

Definition 1.1. A partial order is a binary relation < on a set X which is reflexive, antisymmetric and
transitive .A set with partial order is called a partially ordered set . A partially ordered set (X, <) is said to be
linearly ordered or totally ordered or a chain if for each pair x, y € X, we have either x < yor y < x.

A partially ordered set in which every two elements has a supremum or an infimum is called a lattice.A lattice
in X is said to be complete if every subset has supremum or an infimum and Dedikind complete if every
nonempty subset which is bounded above ( below), has a supremum ( infimum).

A sequence (b,) is said to be order Cauchy (o—Cauchy) if there exists a sequence (a,) in E such that a, ¥ 0 and
[bn — baip| < an holds for V n and p.

Definition 1.2. A real vector space equipped with partial order vector space ( E, <) is said to be partially
ordered vector space if for Vx,y,ze€ Eand o > 0,

(1) x < yimpliesx+z < y+z.

(i1) x < yimpies ox < ay.

Definition1,3. A partially ordered vector space which is also a lattice under its ordering, is called a Riesz space.
Notation: If (x,) is a decreasing sequence in a Riesz space E such that g.1.b. x, =X, we write

Xn 4 X.
Definition 1.4. A Riesz space is said to be Archimedean if —a 40 VaecE. where
n
E.= {aeE:a > 0}.
Definition 1.5. A sequence (b,) in a Riesz space E is said to be order convergent to b,

written as by — b or o-lim b, = b if there exists a sequence (a,) in E satisfying
an¥ 0and |by—b| < a, V nwhere|b| = bv —b.
A Riesz space E is said to be o— complete if every o—Cauchy sequence is o—convergent.
Lemma 1.6.[6] If E is a Riesz space and a < ka holds wherea € E; k € [0,1) thena = 0.
Example 1.7.. R? with coordinatewise ordering is an Archimedean Riesz space.
Definition 1.8 . Let X be a nonempty set and E be a Riesz space. . Then function

d : Xx X — Eis said to be a vector metric if it satisfies :
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(a) d(x,y) = oiff x=y
(b) d(x,y) < d(x,w) + dly,w) Vx,y,weX

Then (X, d, E)is said to be a vector metric space or E-metric space. Vector metric
Space generalizes metric space.

Forx,y, z, w of a vector metric space, the following statements hold:
(i) 0 < d(xy)
(ii) d(x, y) = dly, x)
(iii) [d(x, w) —d(y, w)| < d(x,y)
(iv) [d(x, w) —dly, 2)| < d(x y)+d(w,2)

A sequence (xn) in a vector metric space (X, d, E) is said to be vectorial convergent or

E-convergent to some x € E, written as X —9E sx if3 (an) in E such that a, 4 0 and

d(Xn, X) < a, Vn.
A sequence (Xn) is said to be E—Cauchy sequence if there exists a sequence (a,) in E
such that a, 4 0 and d(xn, Xn +p) < ag holds V n and p.
A vector metric space X is called E-complete if each E—Cauchy sequence in X,
vectorial converges to a limit in X.
When E = R(the set of real numbers) the concepts of vectorial convergence and metric
convergence, E-Cauchy sequence and Cauchy sequence are the same.
If X =E and d is the absolute valued vector metric on X, then the concepts of
vectorial convergence and order convergence are the same.
Example 1.9. A Riesz space E is a vector metric space with d : E x E-> E defined by
d(x, y) = | x—=y | V x,y €X, is called absolute valued metric on E.
Definition 1.10. Let X be a non—empty set and let s > 1 be a given real number. A function
d : X x X — R.is called b- metric if it satisfies the following conditions :
(i) d(x,y)=0iff x=y
(i) dix,y) = dly, x)
(i) d(x, w) < s[d(x, y) +d(y, w)] forall x, y, w € X.
Fixed point theorems on b—metric spaces have been studied by several authors,
one can see ( [10],[12]).
L.R. Petre [13] defined vector b-metric or E-b—metric space as follows :

Definition 1.11. Let X be a non—empty set and s > 1. A function d : X x X — E. is called E-b—metric if for any
x,y, we X, the following conditions hold:

(a) dx,y)=0iff x=y
(b) d(x, y) = d(y, x)
(c) d(x, w) < s[d(x, y) +d(y, w)]

Then (X, d, E) is said to be E-b—metric space.
Below we give some examples of E —b —metric spaces.
Example 1.12. Let X =[0,1],d: [0,1] x [0,1]— R? defined by d(x, y) = (a [x-y|%, B |x-y|?) where

o,B > 0anda+p > 0,then (X, d, R?) is E-b-metric space.
Example 1.13. Let X = LP[0,1] withO < p < 1andE = R2.
Letd : LP[0, 1] x LP[0, 11— R?: be defined by
dif, g)=(allf-gll,, p Il f=g )

wherea,3 > Oanda+ > 0.

Then it is easy to see that
d(f, h) < 2[d(f, g)+d(g, h)].
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1
Hence ( X, d, R?)is E-b-metric space with parameter s = 20 > 1.
Likewise, if X = 1,,0 < p < l,and d : 1, x 1, — R% defined as
dx, yy=(allx-yll,,pllx-yly),
where ., B > Oand o+ B > 0, then (X, d, R?)is E-b-metric space

with parameter
1
s=2pP > 1.
Example 1.14. Let X = C[0,1] =E.Defined: X x X — E; as
dif, gg=(f-gP.,p > L.
Then (X, d, E)is E-b-metric space with parameter s = 2 > 1.Since the function
t* (p > 1)is convex, we have
(x +ypP< 27 (xP+ yP)

Therefore

d(f, hy=(f — hyP=(f —g +g —~hy < 20 [(f — )"+ (g —h)]

=201 [d(£, g) +d(g, h)l.
Thus relaxed triangular inequality holds with s = 2P > 1.
We give below an example of E-b-metric space which is not a metric space.

Example 1.15. LetX = {0,1,2} ,E = R?andd : X x X — R?be defined as

d(o, 1) =d(1,0)=(1, 1)

d(1,2)=d2, ) =(1,1)

d(0,2)=d(2,0)=(4, 4)

Since the inequality d(0, 2) < d(0, 1) + d(1, 2) is not satisfied, (X, d, E) is not a metric
space.However, it is E-b-metric space for s = 2.
Let (X, d, E) be E-b metric space and P and Q be self maps on X.

Definition 1.16[15]. Lety = Px = Qx for some x € X then y is said to be a point of coincidence and x a
coincidence point of P and Q.

Definition 1.17[15]. The maps P and Q are called weakly compatible if they commute at every

coincidence point.

Lemma 1.18[15]. The maps P and Q are weakly compitable maps X If P and Q have a unique point of
coincidence c = Pc = Qg, then c is the uniqgue common fixed point of Pand Q.

Let (X, <) be a partially ordered set and P and Q are self maps on X.

Definition 1.19[15]. The pair (P, Q) of maps is said to be weakly increasing if Px < QPx and Qx < PQx
VxeX

Definition 1.20[15]. The pair (P, Q) is said to be partially weakly increasing if Px < QPx
VxeX

Observe that the pair (P, Q) is weakly increasing iff ordered pair (P, Q) and (Q, P) are partially weakly
increasing.

Definition 1.21[15]. The mapping P is called a weak annihilator of Q if PQx <X x V x €X.
Definition 1.22[15]. The mapping P is called dominating if x = Px V x € X.
Il. MAIN RESULTS
In this section, we prove some common fixed point theorems for four mappings in E-b—metric space.

Theorem 2.1. Let X be an E-b—metric space with E is Archimedean. Suppose the mapping A, B, G and H be
self-maps on X, (H, A) and (G, B) be partially weakly increasing with A(X) < H(X) and B(X) < G(X). Further
the dominating maps A and B are weak annihilators of H and G, respectively. Suppose the mappings A, B, G,
H: X — X satisfy the following condition :

d(Ax, By) < bNyy(A,B,G,H) Vx, yE€X, (1
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where b < ———— and
s(s+1)
NXvY(Aa Ba Ga H) = {d(GX7 HY)’ d(AX7 GX)’ d(BY7 HY)a d(AX7 HY)’ d(BY> GX)} (2)

Let{x,} be a nondecreasing sequence with x, < y,V nand y, —2E ym gives that
Xn < m, the pairs{A, G} and {B, H} are given to be weakly compatible and if one of A(X), B(X),
G(X) or H(X) is E-complete subspace of X then A, B, G and H have a unique common fixed point.

Proof : Let xobe arbitrary point of X. Since A(X) < H(X) and B(X) < G(X), we can choose x;€ X such that
Axo = Hxi, x» € X such that Bx; = Gx,. Continuing this process, construct a sequence {y»}, which is
defined as :

Yant = HXon1 = Axonz and yon = GXon = Bxont, In = 0 .

By given assumptions,

X2 < AXona = HxXon1 < AHXon1 < Xon1 and Xong € BXon1 = SXon < BGXon < Xon.

Thus, for all n we have, X, < Xp+1.
Firstly, we prove that
d(yan1, Yona2) < Ad(Yon, yane1) [ n, where 4 < 1 3)

From (1), we have

d(yan+1, Y2n+2) = d(Axzn, Bxons) < bNin,X2n+1
(A, B, G, H) € {d(Gxan, HX2nt1), d(AX2n, GX2n), d(Bxont1, HX2nt1),

d(Axon, HX2nt1), d(BXani1, GX2n)}

={d(Y2n> Y2n+1)> d¥Y2n+1> Y2n), d¥Y2n+2: Y2n+1)> d¥V2n+1: Yon+1)> dY2n+2, Y2n)!

={d(Y2n> Y2n+1)> d¥Y2n+1> Y2n+2)> d¥Y2n: Y2n+2) }
IfN (A, B, G, H) = d(y2n, Y2n+1), then clearly ( 3) holds.

X2n,X2n+1

(A,B,G,H) forn=0,1,2,3.....
Since N

X2n,X2n+1

IfN (A,B,G,H)=d(Yan+1> Y2n+2), thus by Lemma 1.6

X2n,X2n+1

d(Y2n+1> Y2n+2) = 0, and so (3) holds.
Now assume that Ny, «, . (A, B, G, H)=d(Yzn, Y2n+2):

Thus,

d(Y2n+1>Y2n+2) < bd(Y2n, Yan+2) <bs[d(Yan, Yon+1) + dY2n+1> Yon+2)]
(1—=bs) d(Y2n+1> Y2n+2) <bs d(Y2n, Y2n+1)

<[ bs j[d(y Vonse1)]
= 1—bs 2n->J2n+1

bs
=1 d(Y2n, Y2n+1), where A = [—j
1-bs

bs
Thus d(ynyns1) < A"d(yo, y1) where A € <b,——
1-bs
Therefore ¥ n and p,
d(yn, Yntp) <8 d(yn, Yar1) + 52 d(ynet, Y2) 787 d(Yne2, Ynea)teoooo ot SPA(Ynipt, Yap)

< sA? d(yO, y1) + g2 pntl d(yO, y1) Fe +gPpntp-l d(yO, Y1)
sA" 1= (A" d(yo, y1) < i d(yo, 1), note that sk < 1
= - . Yo, Y1) = Yo, Y1), note that s,
1-sA 1-sA

It is given that E is Archimedean, so the sequence (yn) is an E—Cauchy . It is assumed
that G(X) is E-complete, 3 u € G(X) such that
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GXon = Yo d—E> u
Thus, there exists a sequence {e,} in E such that e, ¥ 0 and d(Gxan, u) < e,. Further

we can find out a v € X such that Gv = u. Now it remains to prove that Av = u. Although

Xont 1 < BXont1and Bxons —E u which implies that xon+1 < uandu < Bu =BGv <v
which implies that xop11 < v
Consider

d(Av,u) < sd(Av, Bxopt1) + sd(Bxant1, u) < SbNV,XZn +1 (A, B, G, H) Fsen

(A, B, G, H) E {d(GV, HX2n+1), d(AV, GV), d(Binﬂ, Hinﬂ), d(AV, Hinﬂ), d(Binﬂ, GV)}
[l n.

where BNy
There are five possibilities:
Case 1 : d(Av, u) < sbd(Gv, Hxont1) +sent1 < sbenstt + senr1 < s(b+1) ey
Case 2 : d(Av, u) < sbd(Av, Gv)+ sen
< sbd(Av, u) + sent1
(1-sb)d(Av, u) < seni

s
d(Av,u) < meml
s

S Aosp)®

Case 3 : d(Av,u) < sbd(BxXon+1, HX2n+1) + S€nt1

d(Av, u) < sb[sd(Bxan+1, u) + sd(Hxon+1, U)] + S€q+1

d(Av, u) < s’benst + s?benst +sent

< 2¢%bens it sens < s(2bs +1)en

Case 4 : d(Av,u) < sbd(Av, HXont1) + s€nti
sb[sd(Av, u) + sd(u, Hx2nt1)] + sent1
(1-s’b) d(Av , u) < s’bents + Senii

s(sb+1)
d(Av,u) < (1_s7b) e,

<
<

Case 5: d(Av,u) < sbd(Bxan+1, GV) + sen+i
< sbep+ +senr1 < s(bt1)e,
It is given that g.1.b. of sequences on the R.H.S. are zero, then d(Av, u) =0, i.e. Av= u.
Thus Av=Gv=u
However ue A(X) < H(X), so there exists w € X such that Hw =u

d.E.
Now, we show that Bw = u. As X2, < Axopand Axoy ? u implies that X, < u and
u < Au= AHw < w implies that x>, < w.
Consider

d(u, Bw) < sd(u, Axa,) + sd(Axan, Bw) <se,+ sbN (A, B, G, H)

Xon,w

where N (A,B,G,H) € {d(Gxzn, HW), d(Ax2n, GX2n), d(Bw, HW), d(Ax2n, HW),

d(Bw, Gxaq)} [ n.

X2n,w

There are five possibilities:
Case 1 : d(u, Bw) < sen + sbd(Gxan, HW) < sent sbd(Gxan, u) < s(b+1) ex.
Case 2 : d(u, Bw) < seqnt sbd(AxXan, GXan),
< sen + sb[sd d(Axan, u) + sd(u, Gxan)]
sen + s’be, + s?be,
s(1+2sb)en
Case 3 : d(u, Bw) <se, + sbd(Bw, Hw) < se, + sbd(Bw, u)
(1-sb) d(u, Bw) <se,

<
<
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d(u, Bw) < e,

(1-sb)
Case 4 : d(u, Bw) < se, + sbd(Axz, ,Hw)
< sey + sbd(Axan, 1)
<se, + sben
d(u, Bw) < s(1+b) e,
Case 5 : d(u, Bw) <se, + sbd(Bw, Gxan)
< sen + sb[sd(Bw,u) + sd(u,Gx2n)]
(1-s2b)d(u, Bw) < se, + s’be,
d(u, Bw) < Eil—;sztb:; €n
It is given that g.1.b. of sequences on the L.H.S. are zero, then d(u, Bw) =0, thatis Bw = u.  Therefore Bw =
Hw = u. Consequently {A, G} and{B, H} have a common point of coincidence belonging to X.
Now, if {A ,G} and {B, H} are given to be weakly compatible,
Au=AGv=GAv=Gu and
Bu = BHw = HBw = Hu = m (say)
Now,
d(m;, my) = d(Au, Bu) <bN.. (A, B, G, H)
where Nyu(A, B, G, H) £{d(Gu, Hu), d(Au, Gu), d(Bu, Hu), d(Au, Hu), d(Bu, Gu)}
= {0, d(m1, mz)}
Hence d(m;, my) =0 i.e. m;=my
If{A, G} and {B, H} are weakly compatible, then by using Lemmal.18, uisa unique fixed
pointof A, B, Gand H .

Corollary 2.2. Let X satisfies the same conditions as in Theorem2.1. Suppose the mapping A and B be
dominating maps of X into itself satisfying the condition :

V x,y € X, d(Ax, By) <bNyy(A, B) @)

where b < — and
s(s+1)
Nyy(A, B) € {d(x, y), d(Ax, x), d(By, y), d(Ax, y), d(y, Bx)}
then A and B have a unique common fixed point.
Example 2.3. Letd: X x X — E where X =[0, 22), E = C[0, 1] defined by
dex, )0 = [x-yP e’
Then (X, d, E) is E-b-metric space.
We define an ordering = on X asx = y ©y < xVx,yEX

Let A, B, G,H : X—X be defined by
5x 3x 7x 7x
Ax = —, Bx=—,Gx=—, Hx =— VX EX.
7 7 3 5
Clearly, A(X) < H(X) and B (X) < G(X) and the pairs (H, A) and (G, B) partially weakly increasing that
7 7
is Hx = ?x > x = AHx, which gives Hx = AHx and Gx = ?x = x = BGx, which gives Gx = BGx.

.. . 5x 3x
Also, A and B are dominating maps, that is , Ax = - < xand Bx = -

IA

x for all x € X implies that x =

Ax and x =t Bx for all x € X. Furthormore, A and B are weak annihilators of H and G, respectively, that is,
AHx = x and BGx = x for all x € X.

For x,y € X,
5X 3y2 1 2
d(Ax, By)(t) = | |——-== et=—(5x—3 )et
(Ax, By)() ‘7 > 49\ |
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2
X 7y ¢
d(Gx, Hy)(t) =| |[——— |e
(Gx, Hy)(1) 3 SU
2 2
5% TxX[ | (34xj ¢
d(Ax,Gx)(t)= | |———| |e'=|— ] e
7 3 21
3y 7y 34y Y
dBy, Hy)(t) = | [==——2| |et=| —=| €'
(By, Hy)(t) 7 s J (3 j
5X 7y2
d(Ax, Hy)(t) = | |=—=—— |et
(Ax, Hy)(t) 75 Je
3y 7x[
dBy, Gx)(t) = | |[==—— |e*
(By, Gx)(t) 7 s
53yl | ¢
d(Ax, By)(t) = | | ———
(Ax, By)(t) 7 e

o (zj . (ﬂj
7 7
34x ?

< b(—j et withb=2

21 3

= bd(Ax, Gx)(t),
where d(Ax, Gx) € Ny (A, B, G, H)

2 S5X 3
Hence d(Ax, By) < bNyy (A, B, G, H), where b = 3 is satisfied for (7) > ( yj
3

2 2
5x 3y e 3yj ¢ .(Sx] (yj
dAx, By)t)=| | ———| |e's|—| e fl — |<| =
(Ax, By)() ‘7 - [7 ir| == J<| =
34y’
Sb(—yj et withb=2
35 3

= bd(By, Hy)(t), where d(By, Hy) € Ny (A, B, G, H)
Hence d(Ax, By )< bNyy(A, B, G, H),Vxandy.

wIlN

Thus all the conditions of Theorem 2.1 are satisfied with b == < [0,1) and 0 is

the unique common fixed point of the mappings A, B, G and H.

Theorem 2.4. Let X be an E—b—metric space with E is Archimedean. Suppose the mapping A, B, G and H be
self-maps on X, (H, A) and (G, B) partially weakly increasing with A(X) < H(X) and B(X) < G(X). Further
the dominating maps A and B are weak annihilators of H and G, respectively. Suppose the four mappings A,
B, G, H : X > X satisfy the following condition :

Forallx,y € X,
d(Ax, By) < bNyy(A,B,G, H) 5)

2
where b < m and
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Ny, (A, B, G, H) % [d(Gx, Hy) + d(Ax, Gx)], % [d(Gx, Hy) + d(By, Hy)], % [d(Gx, Hy) +
d(Ax, Hy)], % [d(Gx, Hy) + d(By, Gx)], % [d(By, Hy) + d(Ax, Hy)], % [d(Ax, Hy) +
d(By, Gx)], § [d(By, Hy) + d(By, Gx)]}. (6)

If for a nondecreasing sequence {x,} with x, <y, for all n and y, —E>m implies that
xn < m, the pairs{A, G} and {B, H} are weakly compatible and one of A(X), B(X), G(X) and H(X) is E-
complete then A, B, G and H have a common fixed point.
Proof : We define the sequence {x,} and {y.} as in proof of theorem 2.1
Firstly, show that
d(yant1, Yont2) < 8d(Yan, Yan+1) for all n, where 8 < 1 @)
From (5), we have

d(yan+1, Yane2) = d(AXan, Bxone1) <bN (A,B, G, H) forn=0,1,2,3.....

X2n,X2n+1

Since

1 1
N (A,B,G, H) € { 5 [d(GXan, HXont1) + d(AXan, GXan)], 5 [d(GXan, Hxone1) +

X2n,X2n+1
1 1 1
d(Bxan+1, HX2n+1)],5 [d(Gx2n, HX2n+1) + d(AX2n , HX2n41)], E [d(Gxon,Hxon+1) + d(Bx2n+1,GX2n)],5 [d(Bx2n+1,

1 1
Hx2q+1) +d(Ax2n, Hxon+1)], E [ d(AX2n, HX2n+1) + d(BX2n+1,GX2n)], 5 [d(Bx2n+1, HX2n+1) + d(BX2n+1, GXon)]}

1
= {5 [d(y2n, Y20+1) + d(Y2n+1, Y2n)], E [d(y2n, Y2or1) + d(Y2n+2, Y2ne1)], 5 [d(y2n, yons1) +

1 1 1
d(yan+1,y20+1)], 5 [d(y2n, yant1) + d(yoni2,¥20)], 5 [d(y2ni2, Yont1) + d(Yant1,y2001)]s 5 [d(y2n+1 y2ne1) +

1 1 1
d(y2n+2,¥20)], E [d(y2n+2, Your1) + d(Yont1, Yonr1)], 5 [d(y2n+1,¥20+1) T d(Y2n+2, Y2n)], E [d(y2n+2, Yout1) + d(Yons2,
Yan))

1 1 1
= {[d(y2n, y2n+1)], 5 [d(y2n, yon+1) + d(yant2, yant1)], 5 [d(y2n, yon+1)], 5 [d(y2n, yon+1) +

[(y2nt2, yant1)+d(y2nt2, y2n)1}

N | —

1 1
d(yan+2, yon)1, E [d(y2n+2, Yont1)], E [d(y2nt2, Yon)l,

1
If N (A, B, G, H)=d(y2n, y2n+1) OF 5 [d(y2n, Y2n+1)] then clearly (7) holds.

X2n,X2n+1

1
IfN (A,B,G,H)= 5 [d(y2n+1, Yont2)], then according to Lemma 1.7

X2n,X2n+1

d(y2n+1, yane2) = 0 and clearly (7) holds.

Let us suppose that if Ny

1
(A,B,G,H) = 5 [ d(y2n, Y2n+1) + d(Y2n+2, Yout1)],
b b
Then d(yan+1, yani2) < B [d(y2n, yans1)] + B [d(y2n+2, y2n+1)]

1—9 d( ) < b [d( )]
> Yont1, Yont2) = 2 Yon, Yon+1
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b b
2 _1_2
d(y2n+1, yons2) < b [d(y2n, Y2nr1)] < 01[d(Y2n, Y2ut1)] where 0, = b
1-— 1——
2 2
|
If Nxzn,xan(A, B,G,H)= E [d(Y2n, Y2n+1) T d(Y2n+2, Y2n)]

b b
then d(yant1, yani2) < E [d(y2n, y20+1)] +§ [sd(y2nt2, Yont1) + sd(Yan+1, Yon)]

b b
(1 - S?j d(yan+1, yans2) < (1 + 5)5 [d(y2n, y2n+1)]

1+s
d(yant1, yont2) S — [d(y2n, y2nt1)] < 82[d(y2n, yant1)],

2|, _sb
2

bl 1+s

where 6, = —

sb

1->2

2

1
If Ny, %041 (A, B, G, H) = [d(Y2n, Y2n2)]

b
then d(yan+1, Yne2) < E [sd(y2n, Y2n+1) + 5d(y2n+1, Yont2)]

sh
d(yan+1, yans2) < % [d(y2n, Y2n+1)] <83 [d(Y2n, Yont1)],
1>
2
sh

where 03 = 2Sb

1=

2

1
Finally suppose that, N (A, B,G,H)= 5 [d(y2n+2, Yonr1) T d(Yan+2, Y2n)]

X2n,X2n+1

b b
Then d(yan+1, yont2) < 5 [d(y20+2, Y2ur1)] +E [sd(Y2n+2, Y2n+1) + 8d(Yan+1, Yon)]

b sb sb
(1 —3 7) d(yan+1, Your2) < By d(y2n+1, y2n)
sb
d(y2n+1, yoni2) < (ﬁ) = d(y2n+1,Y20) = 84 d(y2us1, yau),
2 2
sb
2
where &4 =
N
2 2
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Let 8 = {81, 02, 03 ,84} then d(yan+1, Y2n+2) < 8d(Y2n+1, Yon)-
Slmllarly d(Y2n+2, Y2n+3) < Sd(Y2n+1, y2n+2)
Therefore,  d(Yn, Yn+1) < 6d(¥n-1,¥n)

Thus d(yn, ynt1) < (8)" d(yo, y1), (®
By using (8), ¥V n and p, we have
d(yn, Ynep) <8d(Yn,yni1) +8°d(Ynr, yae2) +oonnnn +5Pd(Yntp-1, Ynrp)
< 5(8)"d(yo, y1) + S23)™ 1 d(Yo, Y1) Feevernnn. + sP(8)™* d(yo, y1)
1-(s5)° s(s)"
n
=s(5) 12(s9)° () d(yo, y1)

d(yo, <
—(sa) | | Tse

It is given that E is Archimedean, then (y,) is an E-Cauchy sequence. Let us suppose

that G(X) is E-complete, so there exists u € G(X) such that

d.E.
GX2n = y2n > u

Thus there exists a sequence {e,} in E such that e,4 0 and d(Gxan,u) < e,. On the other
hand we can find out v in X such that Gv = u. Now we are going to prove that Av =u . Since Xon+1 < BXonr1and

d.E.
Bxon+1 > u which implies that Xz, < u and u < Bu =
BGv < v which implies that x2n11 < v.
Consider

d(Av, u) < sd(Av, Bxant1) +sd(Bxoni1, u) < sbNy Xoneq A B, G, H) + senst

1 1
where bNyyx, = (A,B,G.H)E 3 [d(Gv, Hxan1) + d(Av, GV)], 5 (G, Hxan) +
1 1
d(BX2n+1, HX2n+1)], 5 [d(GV, HX2n+1) + d(AV, HX2n+1)], 5 [d(GV, HX2n+1) + d(BXzIﬁ»L GV)],

1 1 1
E [d(Bxon+1, HXont1) + d(Av, Hxone1)], E [d(Av, Hxon+1) + d(Bxon+1, GV)], 5 [d(Bx2nt+1, Hxon+1) + d(Bxant1,

Gv)]} V n.
There are seven possibilities:

sb
Case 1 :d(Av,u) < ? [d(Gv, Hxont1)+ d(Av, GV)]+ seqt1
sb
d(Av,u) < ? [d(u, Hxon+1)+ d(Av, u)]+ sen+i

b
(1 - %) d(Av,u) < S?enﬂ +Sen+

oy
D)

sb
Case 2 : d(Av,u) < ? [d(Gv, Hxant1) + d(Bxant1, HXont1)] + senri

d(Av,u) <

sb
< ? [d(u, Hx2n+1)+d(Bxon+1, HXont1)] + S€nt1
sb
< ? [d(u, HX2n+1)+ sd(BXan+1, 0) +sd(u, HXant1)] + S€ni1

sb s%b s%b
< ?enﬂ + ES €+l T - €n+1 T Sent
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< s(§+sb+1)en

sb
Case 3 : d(Av,u) < ? [d(Gv , HXont1)+ d(AV, HX2nt1)] + S€nt1

sb
d(Av,u) < ? [d(u, Hx2n+1) + sd(Av, u) + sd(u, HX2nt1)] + s€nt1

s2b sb s%b
(1 — T) d(Av,u) < ?enﬂ + ES €n+1 T Sen+1

1+9+EQ

dAv,u) < s| —2 2

sb
Case 4 :d(Av,u) < ? [d(Gv, Hxan+1) + d(BXan+1, GV)] + sen+i
S
< ? [d(u, Hx2p+1) + d(BX2n+1, 1) + S€p+1
sb sb

< —en+l +?en+1+ sent1 < s(b+1)en

sb
Case 5 :d(Av,u) < ? [d(Bxan+1, HXont1) + d(Av, HX2nt1)] + S€nt1

b b
< S? [sd(Bx2n+1, u) + sd(u, Hxon+1)] +S? [sd(Av, u) + sd(u, HX2nt1)] + s€nt1 (

s2b s2b s%b

< > €n+1 T 5 €n+l T 2 €n+1 T S€n+1

2
(1 —S—b] d(Av,u) < 3Szbenﬂ + sen+1
2 2

3sb+1
dAv,u) < s (2 Szb)en

2

sb
Case 6 : d(AV ,u) < ? [d(AV, Hxont1) + d(BinH, Gv)] + sen+1

sb sb
< ? [sd(Av, u) + sd(u, HxXon+1)] +? d(Bxant1, U) + senti

s’b s2b sb
1__ d(AV, u) < —€n+1 T —€nt1 T Sen+1
7 2 2

1+9+EQ

d(Av,u) < s 2 2

sb
Case 7 : d(Av,u) < ? [d(Bxan+1, HXon+1) + d(BXant1, GV)] + sen+1
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sb sb
< ? [sd(Bxant1, u) + sd(u, Hxon+1)] +? [d(Bxan+1, u)] + sen+

s%b s2b sb
< - €n+1 T ES €n1 T ?em—l + sen+1

b
< s.(E+Sb+1)en
It is given that g.1.b. of sequences on the right hand side are zero, then d(Av, u) = 0, that
is Av = u. Therefore Av=Gv=u
Since ue A(X) < H(X), there exists we X such that Hw = u.

d.E.
Now, we show that Bw = u. As Xz, < Axopand AXoy > u which implies that
Xon < uand u < Au= AHw < w which implies that x,, < w.

Consider
d(u, Bw) < sd(u, Axzy) + sd(Axan, BW) <sept SbNin ~@A, B, G, H)

where

1 1
Nin,w(A’ B,G,H) € {E [d(Gx2n, HW) + d(Ax2n, GxX2n)], 5 [d(Gxan, HW) + d(Bw, Hw)],
1 1 1
E [d(Gx2n, HW) + d(AX2n, HW)], E [d(Gx2n ,HW) + d(Bw, Gx2n)], E [d(Bw, Hw) +
1 1
d(Axzn, HW)], E [d(Ax2n, HW) + d(Bw, zen)],z [d(Bw, Hw) + d(Bw ,Gx2n)]} V n.
sb
Case 1 : d(u, Bw) <se, +? [d(Gx2n, HW)+ d(Ax2n, GXon)]

sb sb
<sen +? [d(Gxan, u)]+? [sd(Axan, u) + sd(u, Gxon)]

2 2
sb s“b s°b
<Sept+ ——€nt1 T — et —en

2

<s(1+— +sb)en
s( > sb)e
sb
Case2: d(u, Bw)<se, +? [d(Gx2n, HW) + d(Bw, Hw)]
sb sb
< sen +? [d(Gx2n, 0)] +7 [d(Bw, u)]

(1 — %) d(u, Bw) < se,ﬁ%en

b
d(u, Bw) < EEZ_—Z,% €n

2

Case 3 : d(u, Bw) <sen +% [d(Gx2n, HW) + d(AX2n, HW)]
sb sb
<sen+ By [d(Gxan, w)] + 5 [d(Axzn, u)]

sb

sb
<sent—en+t—en <s(l+b)e,
2 2
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Case 4 : d(u, Bw) < sen +% [d(Gx2n, HW) + d(Bw, GX2n)]
sb sb
<sep +? [d(Gx2n,0)] +? [sd(Bw, u) + sd(u, Gxzn)]

s’b sb  s%b
I—— |d(u, Bw)<se,+ —e,+——ey
2 2 2

d(u, Bw) <s

sb
Case 5 : d(u, Bw) <se, +? [d(Bw, Hw)+ d(Axzn, HW)]

sb sb
< sep +? [d(Bw, u)]+? [d(Axzn, W]

().
)"

sb
Case 6 : d(u, Bw) < se, +? [d(AX2n, HW)+ d(Bw, GX2n)]

d(u, Bw) <

sb sb
<sen +? [d(Ax2n, U)] +? [sd(Bw, u) + sd(u, Gxan)]

s’b sb s’
I—— |d(u, Bw)<se, + —e,+— ey
2 2 2

1+9+$

d(u,Bw) < s 2 2

sb
Case 7 : d(u, Bw) < sey +? [d(Bw, Hw)+ d(Bw, GX2n)]

sb sb
< sen +3 [d(Bw, u)]+3 [sd(Bw, u) + sd(u, Gx2n)]

sbs’b s°b
l————|d(u, Bw) < se, + — e,
2 2

2
s(1+%)

=
It is given that g.1.b. of sequences on the right hand side are zero, Then d(u, Bw) = 0, i.e. Bw = u.
Therefore, Bw =Hw =u. Thus {A, G} and{B ,H} have common point of coincidence in X.
It is given that {A ,G} and {B, H} are weakly compatible,
Au = AGv =GAv = Gu = m; (say) and
Bu =BHw = HBw = Hu = m; (say)
Now, d(m;,m;)=d(Au, Bu) <bN,u(A, B, G, H)

d(u, Bw) <
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where

Nuu(A, B,G,H) € {% [d(Gu, Hu)*+ d(Au, Gu)], % [d(Gu, Hu) + d(Bu, Hu)],

% [d(Gu, Hu) + d(Au, Hu)], [d(Gu, Hu) + d(Bu, Gu)],% [d(Bu, Hu) + d(Au, Hu)],

1
2

% [d(Au, Hu) + d(Bu, Gu)], % [d(Bu, Hu) + d(Bu, Gu)]} V n.

If{A, G} and {B, H} are weakly compatible, then by Lemmal.18, u is the unique

common fixed point of A, B, G and H.
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