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Abstract—This paper deals with the problem of the locomotion of robots with two legs with a design 
inspired by human locomotion (anthropomorphic bipedal robots). The future intention of the research 
group is to consolidate a robotic platform capable of interacting side by side with the human being, in 
particular by providing services to people. We propose a dynamic bipedal walking scheme based on a 
simulated model of inverted pendulum and using the Zero Moment Point (ZMP) as a control strategy. To 
solve the problem of closed-loop control, the strategy estimates the robot's Center of Mass (CoM) 
continuously. The formulation, analysis, solution and implementation is done on the Nao robot from 
Aldebaran Robotics. The strategy was encoded in a NAOqi module in Python, and executed in a Nao V5. 
The behavior of the robot during the walk demonstrated the success of the strategy. 
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I. INTRODUCTION 

Despite the great progress made in recent years in robot control, and in particular in the area of bipedal 
walking schemes, many problems remain open to solution in this area [1]. The inherent complexity of these 
robots makes their control a difficult task, even with the most advanced hardware. This paper focuses on the 
predictive control of the model of a bipedal robot, which, following the previous experiences of other research 
projects of the group, uses an approximation of the behaviour of the leg to an inverted pendulum [2]. The 
proposed model is estimated in real time, using a simplified method with an approximation of the robot's Centre 
of Mass (CoM). The formulation, analysis, solution and implementation is done on the Nao robot from 
Aldebaran Robotics [3]. We selected the Nao robot for its great versatility, its wide range of movements that 
allows it to perform various tasks [4], which can be controlled through a simple programming algorithm [5]. 

The path planning for autonomous robots in human environments is one of the areas of greater research in 
robotics. In the case of robots with legs the possibilities of movement are greater, and therefore the problem is 
more complex [6]. Thanks to this type of displacement robots have the possibility to navigate rough terrain, 
unlike the flat floors used by robots with wheels. To do this, legged robots should support their legs in the 
surrounding environment regions that meet a certain number of characteristics, generally similar to those in flat 
environments. The rest of the environment does not require these characteristics, reason why they have in 
general a greater capacity of displacement. 

The problem of walking robots with legs can be divided into two: the problem of route planning in the 
environment, and the problem of robot movement along this route [7]. In the first case, a global path planning 
scheme is usually proposed. These planning schemes consider the placement of the foot in the environment, the 
configurations of the contact with the terrain, and the connectivity of these configurations. According to these 
criteria, a route is defined that guarantees safety and stability during the movement. 

In the case of dynamic environments in which obstacles do not have a fixed position in the environment, it is 
normal to use reactive navigation strategies [8]. Under this principle, each new movement of the robot depends 
on the analysis of its current state through local readings. These local readings provide the required 
environmental information for the next step. Although this strategy is used by the man in conscious walking, 
this generates stability problems by forcing the robot into a position during information processing. 

In the second case (second problem) the coordinated movement of the robot (not only its legs, but the whole 
body) is considered, allowing its movement along the planned path [9]. With bipedal robots, the forced model is 
the human walk, basically due to its high energy efficiency, stability and performance [10]. From the studies of 
human biomechanics, patterns of walking with continuous and differentiable functions have been defined [11]. 
Most of these patterns are supported in the ZMP (Zero Moment Point) criterion [12, 13, 14]. 
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The classic definition is that it’s a point on the ground where the inertial and gravity moments cancel out 
resulting in a net zero moment [15]. A more practical definition is that it’s the center of pressure in a process of 
mechanical support. The claim that ZMP is equivalent to COP (Center Of Pressure) has had much controversy 
over the years. This concept is important because it allows to estimate the stability of the leg (and of the robot). 
If the ZMP moves towards the edge of the leg, then the leg starts tipping over. Uncontrolled tipping is not good 
and often times leads the robot to fall over. 

An alternative strategy to the ZMP is the CPG (Central Pattern Generator). The CPG models the walk with a 
nonlinear function derived from neuronal activity [16]. Although more complex, this scheme has the advantage 
that it does not depend on the constructive structure of the robot, however, as is always the case with neural 
networks, the weights of the solution have no relation to the parameters of motion. Another strategy independent 
of the topology of the robot is PFS (Partial Fourier Series or Truncation Fourier Series, TFS). In contrast to CPG, 
the parameters of the TFS can relate to the physical movements of joints, this allows the adjustment of the 
model. Also, the parameters of the Fourier series can be determined by means of an uninformed search 
algorithm [17]. 

An additional problem of these robots, not existing in robots with wheels, is the time of support on their feet. 
When the robot spends a lot of time leaning on a single leg, the contact of the foot with the ground becomes a 
very important variable for its stability. 

This research focuses specifically on the problem of autonomous locomotion of a robot with two legs [18]. In 
this type of problem, the complexity of its solution stands out particularly due to the high non-linearity of the 
models developed for bipedal platforms. This is why many developments in control schemes assume simplified 
models of the robot with limited success [19, 20, 21]. 

In addition to the non-linear model of the bipedal structure, there are other problems in designing a walking 
strategy for robots. For example, many strategies take into account the position of the torso to establish robot 
balance. However, this criterion does not always work correctly, as it is affected by many factors, such as the 
movement of the arms. In our proposed bipedal walking scheme we use the center of mass of the robotic 
platform instead of the torso position, so we achieve greater stability in walking. Given the complexity of the 
robot's center of gravity calculation, we use a simplified method for its estimation and calculation. The walking 
strategy is also based on the inverted pendulum [22], a strategy that has been researched by our research group 
for the last ten years [2]. 

The following part of the paper is arranged in this way. Section 2 presents preliminary concepts and problem 
formulation. Section 3 illustrates the design profile and development methodology. Section 4 we present the 
preliminary results. And finally, in Section 5, we present our conclusions. 

II. PROBLEM FORMULATION 

T When talking about bipedal robots, reference is made to robotic platforms whose displacement capacity is 
mainly centered on the movement of two legs. Although the movement can be carried out in different ways (for 
example, by dragging, levering, walking, etc.), in principle the design of the robots seeks to imitate human 
walking. Human walking is a system of locomotion made up of a sequence of multiple contacts of the legs with 
the ground. During the sequence, contacts and gaps are made between the legs and the floor, but gaps are never 
made simultaneously. A typical walking cycle is shown in Fig. 1. 

The walking cycle of a biped is divided into two phases of swinging of the left and right leg (single support, 
SS), and two phases of double support (DS) when the two legs are on the ground. Within the swinging phases 
there are three stages: the detachment of the leg from the ground, the swinging itself and the impact of the leg on 
the ground. The convex edge in contact with the ground (ground plane) is called the support area. In the 
technical literature this area is represented by a polygon, which is why it is denoted as a polygon of support 
(PoS). 

A step is defined as half of the walking cycle, which includes an SS and a DS. The term gait is used to 
indicate the pattern of movement during the walk. Finally, the term balance defines a state in which the bipedal 
system maintains its upright (vertical) position, and the terms static balance and dynamic balance are used to 
indicate situations in which the bipedal system is balanced while still, and while in motion. The objective is to 
achieve the displacement of the bipedal platform by implementing a walking cycle, and maintaining balance at 
all times. 

Two strategies to ensure the dynamic balance of a bipedal system are currently being investigated with 
particular interest: projection of the center of mass of the bipedal robot (CoM, Center of Mass), and adjustment 
of the Zero Moment Point (ZMP, Zero Moment Point) of the platform. 
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A. Center of Mass 

This strategy focuses on the position of the CoM projection on the ground plane, which should be kept within 
the support area. Robots that use the CoM projection are called static walkers to indicate that the static balance 
is always maintained. Therefore, they can stop safely at any time. Static walkers are quite limited in their 
abilities. In particular, they are very slow as they have to control their acceleration. Furthermore, this criterion is 
only valid when all ground contacts are in the same horizontal plane (does not work on ramps). 

 
Fig. 1.Walking cycle of a biped 

B. Zero Moment Point 

The ZMP is used to determine if a bipedal robot is in stable configuration. It corresponds to the point on the 
ground where the sum of all the moments of the active forces equals zero, i.e. the point where the reaction force 
at contact of the foot with the ground does not produce a horizontal momentum. In the simplified schematic 
inFig. 2, m is the mass of the robot, g is the gravity and a is the acceleration of the CoM. The torque at any point 
p is given by (Eq. 1): 

௣ܯ ൌ ݌ ⋅ ܯ݋ܥ
→

ൈ݉݃ െ ݌ ⋅ ܯ݋ܥ
→

ൈ݉ܽ െ  ሺ1ሻ             ܪ

 
Fig. 2.  Forces in the ZMP 
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Where H is the rate of angular momentum in the CoM. The ZMP is the point on the ground that swings the 
robot. Therefore (Eq. 2): 

ܲ ⋅ ܲܯܼ
→

ൌ
݊ ൈܯ௣

ܨ ⋅ ݊
ሺ2ሻ 

whereP is the projection of the angle on the ground (normal projection of the CoM), and n is the normal to 
the ground. This strategy assumes that the contact area is flat, and that it has enough friction to prevent the legs 
from slipping. 

This research requires real-time operation. This is an important feature for a bipedal robot, since if the 
possible navigation routes are generated off-line, and then tried to adapt to the robot's movement, then there 
would be problems of movement and stability when forcing the movement. This is why the robot movement 
profile must be made in real time (on-line) from the current status of the robot. To achieve this requirement 
requires the use of a predictive control scheme. This predictive control is based on a simplified linearized model 
of the robotic platform in order to reduce the computational cost, and again, allow real-time operation. 

The simplified linear model of robot dynamics used in the research corresponds to that of the inverted 
pendulum model. This model has been used by the research group for 10 years as a high performance strategy 
for the balance and walking process of different bipedal platforms [2, 23]. As stated in such works, the 
advantages of working with such a model include the possibility of ignoring the real structure of the robot by 
replacing it with a simplified model of inverted pendulum, and reducing the movements of the robot to a single 
plane. This plane is assumed without slope, parallel to the ground, and intercepts the z axis at the height of the 
CoM. Since the system is controlled by applying torques, and the bipedal walk must be dynamic, the ZMP is 
selected as the movement and control strategy. 

The implementation of the navigation strategy is done in the Nao robot of Aldebaran Robotics. Nao is a 
programmable humanoid robot with a height of 58 cm and 25 degrees of freedom (DoF). It has two cameras, 
four microphones, an ultrasonic distance sensor, an inertial sensor, nine tactile sensors and eight pressure 
sensors. We are working with a Nao Evolution V5 with NAOqi 2.0 operating system (Linux-based), Atom Z530 
@ 1.6 GHz processor, 1 GB of RAM and 2 GB of Flash ROM memory. NAOqi is able to run modules written 
in C++ or Python, all our modules are developed in Python 2.7. These modules require the use of the Software 
Development Kit (SDK). 

III. METHODOLOGY 

A. Predictive Control Scheme 

Under this principle it is assumed that the dynamics of the system is described by a system model, and that 
the immediate behaviour of the system can be predicted from this model. In this way, it is possible to select the 
control inputs in such a way that they behave as desired. The problem is solved continuously (iteratively) in 
order to keep the system within the desired behaviour. The objective of this research is to use the simplified 
model of the robot to estimate the CoM and ZMP in each iteration, and thus calculate the system response. 

The predictive model compensates for the error in the ZMP caused by the difference between the model used 
for the robot (inverted pendulum) and a more accurate multibody model. This is a feedback control scheme that 
requires limited knowledge of the robot dynamics (e.g. the exact location of the CoM) or its structure, but 
compensates from this feedback. 

The strategy produces a stable gait by changing the location of a leg from its original position. For this reason 
a flat floor without obstacles or ramps is required, this is a design constraint. Future research will adopt these 
problems in greater depth. 

Let us suppose that the ZMP can be controlled by a linear system of form (this system is defined below in this 
Section)(Eq. 3): 

ሻݐሺࢄ
˙

ൌ ሻݐሺࢄ࡭ ൅ ሻݐሺݑ࢈

ሻݐሺ݌ ൌ ሻݐሺࢄ்࡯
ሺ3ሻ 

wherep are the ZMP coordinates in the plane (x,y), and pref is the ZMP reference. This system of equations 
can be written in discrete time, with T sampling time, such as (Eq. 4): 

ሾ݊ࢄ ൅ 1ሿ ൌ ሾ݊ሿࢄ࡭ ൅ ሾ݊ሿݑ࢈

ሾ݊ሿ݌ ൌ ሾ݊ሿࢄ்࡯
ሺ4ሻ 

where: 

ሾ݊ሿࢄ ≡ ቂܺሺ݊ܶሻ ܺሺ݊ܶሻ
˙

ܺሺ݊ܶሻ
¨

ቃ
்
ሺ5ሻ 

ሾ݊ሿݑ ≡  ௫ሺ݊ܶሻሺ6ሻݑ

ሾ݊ሿ݌ ≡  ௫ሺ݊ܶሻሺ7ሻ݌
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࡭ ≡ ൦
1 ܶ

ܶଶ

2
0 1 ܶ
0 0 1

൪ ሺ8ሻ 

࢈ ≡

ۏ
ێ
ێ
ێ
ۍ
ܶଷ

6
ܶଶ

2
ܶ ے
ۑ
ۑ
ۑ
ې

ሺ9ሻ 

ࢀ࡯ ≡ ൤1 0 െ
௖ݖ
݃
൨ ሺ10ሻ 

The performance index is given by: 

ܬ ൌ෍ሼܳ௘݁ሺ݅ሻ
ଶ ൅ᇞ ௫ࡽሺ݅ሻ்ࢄ ᇞ ሺ݅ሻࢄ ൅ ܴ ᇞ ሺ݅ሻଶሽݑ

ஶ

௜ୀ௡

ሺ11ሻ 

wheree(i) = p(i) − pref(i) (Fig. 4), Qe and R are greater than zero and Qx is a non-negative symmetrical square 
matrix.△X[n] ≡X[n] − X[n − 1]is the incremental state vector and △u[n] ≡u[n] − u[n − 1] is the incremental 
control input. 

The ZMP can be estimated N future steps in each sampling interval minimizing the performance index. 

B. Inverted Pendulum 

The dynamics of the robot's leg can be simplified by an inverted pendulum(Fig. 3). In addition, when the 
movement of this pendulum is restricted, for example, by making the mass move only on one plane (in our case 
parallel to the ground), then the pendulum model (and therefore the robot) is simplified to a linear system known 
as a three-dimensional linear inverted pendulum (3D-LIPM, Three-Dimensional Linear Inverted Pendulum 
Mode) [24]. In Fig. 3, the x axis corresponds to the robot's forward direction. 

 
Fig. 3.Inverted pendulum with restricted movement 

The plane parallel to the ground that restricts movement is represented by a normal vector (kx,ky,-1), and the 
intersection with the z axis, zc, is indicated as (Eq. 12): 

ݖ ൌ ݇௫ݔ ൅ ݇௬ݕ ൅  ௖ሺ12ሻݖ

But since this plane is horizontal to the ground, that is, kx = ky = 0, then the dynamic model of the system is 
simplified to (Eq. 13): 

ሻݐሺݕ
¨

ൌ
݃

௖ݖ
ሻݐሺݕ െ

1

௖ݖ݉
߬௫ሺݐሻ

ሻݐሺݔ
¨

ൌ
݃

௖ݖ
ሻݐሺݔ ൅

1

௖ݖ݉
߬௬ሺݐሻ

ሺ13ሻ 

wherem is the mass of the equivalent pendulum, g is the acceleration of gravity and τx, τy are the torques 
around the axes x and y respectively. The system of equations shown in Eq. 13 corresponds to a linear 
differential system. From this set of equations, it can also be seen that zc (the intersection of the plane with the z 
axis) is the only parameter that affects the behaviour of the system. 

From this system description, we can determine the ZMP of the 3D-LIPM model as (Eq. 14): 
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ሻݐ௫ሺ݌ ൌ െ
߬௬ሺݐሻ

݉݃

ሻݐ௬ሺ݌ ൌ
߬௫ሺݐሻ

݉݃

ሺ14ሻ 

where the coordinates (px,py) correspond to the location of the ZMP on the ground. Replacing the Eq. 14 in 
the Eq. 13 we obtain the dynamic model of the inverted pendulum (Eq. 15): 

ሻݐሺݕ
¨

ൌ
݃

௖ݖ
ሺݕሺݐሻ െ ሻሻݐ௬ሺ݌

ሻݐሺݔ
¨

ൌ
݃

௖ݖ
ሺݔሺݐሻ െ ሻሻݐ௫ሺ݌

ሺ15ሻ 

C. Zero Moment Point (ZMP) 

For the calculation of the ZMP we rewrote the system of equations of the Eq. 15 (Eq. 16): 

ሻݐ௬ሺ݌ ൌ ሻݐሺݕ െ
௖ݖ
݃
ሻݐሺݕ
¨

ሻݐ௫ሺ݌ ൌ ሻݐሺݔ െ
௖ݖ
݃
ሻݐሺݔ
¨
ሺ16ሻ 

Now, since by definition the momentum around the ZMP must be zero, from the Eq. 1 we obtain (Eq. 17): 

߬௓ெ௉ሺݐሻ ൌ ൫ݔሺݐሻ െ ሻ൯݉݃ݐ௫ሺ݌ െ ሻݐሺݔ௖݉ݖ
¨

ൌ 0                 ሺ17ሻ 

The latter equation (Eq. 17) actually coincides with the second equation in the system of equations of the Eq. 
16. To calculate the sequence to follow during the walk, the movement variables of the equation Eq. 17 must be 
determined from a given ZMP. 

In the equations Eq. 17and Eq. 16 (actually in the second equation of the system indicated in Eq. 16) the input 

variable is the horizontal acceleration of the CoMݔሺݐሻ
¨

. If we take as control input the derivative of this 
acceleration, that is to say (Eq. 18): 

݀

ݐ݀
ሻݐሺݔ
¨

ൌ  ሻሺ18ሻݐ௫ሺݑ

So the equation Eq. 16 of the ZMP (again the second equation of the system) can be rewritten as a dynamic 
system of form (Eq. 19): 

݀

ݐ݀
ۏ
ێ
ێ
ۍ
ሻݐሺݔ

ሻݐሺݔ
˙

ሻݐሺݔ
¨

ے
ۑ
ۑ
ې

ൌ ൥
0 1 0
0 0 1
0 0 0

൩

ۏ
ێ
ێ
ۍ
ሻݐሺݔ

ሻݐሺݔ
˙

ሻݐሺݔ
¨

ے
ۑ
ۑ
ې

൅ ൥
0
0
1
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ሺ19ሻ 

If we define similarly to uy(t) we obtain (Eq. 20): 
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Using the equations Eq. 19 and Eq. 20 we can build a closed-loop control block that tracks the ZMP from a 
reference, and in so doing produces the trajectory of the CoM (Fig. 4). 
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Fig. 4.  ZMP tracking and CoM generation 

IV. RESULTS AND DISCUSSION 

The proposed strategy was implemented in a module for the Nao robot written in Python 2.7. The module 
calculates the walking pattern and walking movements for the Nao by solving the inverse kinematics so that the 
robot's CoM follows the output of the predictive control. Fig. 5 shows a simulation of predictive control by 
estimating the robot position (ZMP and CoM) for a step. This module loads and runs in the NAOqi framework 
of the robot. Control commands are sent to the robot software via command line from a 64-bit Linux computer 
with kernel 4.13.0-46. 

 
Fig. 5.  Predictive control simulation by estimating the robot position (ZMP and CoM) for a single step 
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With respect to inverse kinematics, the angles required in each joint are determined according to the desired 
position, and the current position of the leg. The support leg of each step serves as the basis for the kinematic 
calculation, this base changes with each step. In addition, the angles of the upper joints remain fixed, and are not 
activated during walking (activation of the 12 lower joints is performed). 

The height (1.5 cm) and length (5.5 cm) of the step were set in advance in such a way as to increase the 
stability of the robot without significantly affecting the walking speed. The SS phase has an approximate 
duration of 340 ms, and the DS phase has an approximate duration of 170 ms. 

The strategy was evaluated on the robot by walking in a straight line. Unlike simulations, the actual operation 
of the robot did not precisely follow the path designed for the legs. In principle, the robot's oscillations and the 
roughness of the ground affected the behaviour away from the ideal. The final behaviour can be seen in the 
video of the following link:  https://youtu.be/hbPzzWBevOE (Fig. 6). 

 
Fig. 6.  Nao robot walk in a straight line according to the proposed strategy 

V. CONCLUSION 

In this paper we present a walking strategy for bipedal humanoid robots that allows the dynamic control of 
the robot in real time. The strategy uses a combination of ZMP-based strategies and inverted pendulum to 
calculate the new location of the leg at each step. The feedback of the global control scheme is carried out by 
means of a predictive model that allows the complex structure of the real robot to be taken into account, but 
making simple calculations in real time relative to an inverted pendulum. The strategy was implemented in a 
Python module for use in a Nao robot. The observed performance validates the design hypotheses, and makes it 
possible to verify that it is possible to implement the walking strategy in real time. Future research will focus on 
problems of obstacle avoidance (incorporating artificial vision) and ramp handling. 
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