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Abstract: To deal with sensor network limitations such as limited energy and short range 
communication, sensor nodes are grouped into mostly non overlapping subsets called clusters. Choosing 
optimal number of clusters provides benefits such that limited resources can be utilized more efficiently 
and network lifetime is improved. Many of the existing researches provided the cluster size optimization 
in Wireless Sensor Networks (WSNs), in which nodes are uniformly and randomly placed in the sensing 
field (e.g. controllable WSN). Deployment of sensor nodes affects the energy consumption of WSNs along 
with individual nodes because the distance between nodes and Base Station (BS) is different due to 
different node position; consequently nodes have different energy loss. The energy efficient way of sensor 
deployment in sensing field is controlled node deployment with uniform distribution. However this 
procedure for node deployment may not be practically possible for some applications like, in large WSNs, 
locations of the sensing field may not be physically accessible because of geographical constraints. In this 
paper, we provide an analytical framework for the cluster size optimization of WSNs that follow 
Gaussian node deployment. This type of node deployment reduces energy hole problem, provides 
enhanced intrusion detection capability and support realistic applications. We have provided expression 
for optimal number of clusters using circular sensing model of nodes for square sensing field with 
consideration of boundary effect. We have also compared the cluster size optimization for uniform and 
Gaussian distributed sensor network. 

Keywords: Gaussian Node Distribution, Energy Efficiency, Optimal Clustering, Network lifetime, Wireless 
Sensor Networks. 

I. INTRODUCTION 

Energy efficiency and coverage are crucial quality of service management for different applications in WSNs. 
In WSN, sensor nodes are energy constrained because most of the times sensor nodes left unattended in hostile 
environment [1, 2, 3]. If WSNs follow random and uniform placement of nodes, due to short transmission range 
of sensor node data traffic flow is carried out through multi hopping. In this case a single sensor node works 
both as data originator as well as data router. Thus sensor node closer to the BS takes heavier traffic load via 
multi hop transmission leading to energy holes around the BS. Formation of energy holes means that data traffic 
can no longer be delivered to the BS on a specific path and the entire sensor network may not function properly 
[4].  So we can say that problem of unbalanced energy consumption and energy hole problem in sensor network 
are due to random and uniform placement. Gaussian distribution with proper adjustment of mean distance can 
provide more energy balance with removal of energy hole problem in sensor networks. Random WSNs may 
follow a Gaussian distribution or uniform distribution depending on strategy of sensor node placement. 
Gaussian distribution provides enhanced intrusion detection capability, support real time applications and in 
large scale WSNs it reduces the energy hole problem [5, 6, 7].  

To support better data aggregation with high network scalability, sensor nodes are grouped into mostly non 
overlapping subsets called clusters. In the clustering technique, each cluster has a leader, which is called the 
Cluster Head (CH) and it performs the tasks like fusion and aggregation of data [8, 9, 10]. The major thought 
behind an optimal clustering (selecting the optimal number of clusters or Cluster Heads) is to determine a 
clustering of the network such that the entire energy required for aggregating data from the whole network is 
minimized as compared with other possible clustering patterns [12]. If the clusters are not constructed in an 
optimal way, the total consumed energy of the sensor network per round is increased exponentially either when 
the number of clusters that are created is greater or when the number of the constructed clusters is less than the 
optimal number of clusters [11]. Selecting an optimal number of clusters in WSNs provide greater improvement 
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in terms of energy efficiency, system scalability, network lifetime, and latency [13]. The concepts of cluster size 
and number of clusters are used interchangeably in this paper. 

The major contributions of the paper are summarized as follow: 
• Developing an analytical model for cluster size optimization in Gaussian distributed sensor networks. 
• Comparing of Gaussian and uniformly distributed sensor network based on cluster size optimization. 
• Providing the modeling and analysis by MATLAB programming and demonstrating the effectiveness of 

Gaussian distribution for different type of radio model. 
• Providing expression for optimal number of clusters for square sensing field with consideration of 

boundary effect. 
To the best of our knowledge, there is no published work providing the cluster size optimization for Gaussian 

distributed sensor networks. The subsequent sections of this paper are organised as follows: In Section II, we 
describe the network model that is used in this work and some background information. This includes radio 
energy dissipation model and data aggregation. Section III, discusses a review of related works with cluster size 
optimization.  Section IV presents proposed cluster size optimization model for Gaussian distributed WSNs and 
describing procedure for finding analytically optimal number of clusters. Section V presents results and 
analysis. Section VI concludes the paper along with direction of future work. 

II. PRELIMINARIES AND NETWORK MODEL 

 In our model, we consider homogeneous sensor nodes that follow Gaussian distribution over the sensing 
field. The BS is placed at centre of sensing field. Fig. 1 shows the sensor nodes which follow uniform random 
and Gaussian random distributions over the sensing field [7]. 

 
 

 

 
 

Fig. 1. Uniform vs Gaussian distributed sensor networks [7] 

A. Gaussian distribution 

In Gaussian distribution, the probability density function that a sensor node resides at point ),( yx  with 

respect to deployment point ),( 00 yx [14]. 
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Where yx and σσ are standard deviation to x and y co-ordinate  

For one dimensional Gaussian distribution with mean distance 0y , the PDF can be defined as follow: 
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Where y0   is the mean distance and yσ represent standard deviation. 
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B. Network Assumptions  

In this work, the following assumptions have been made [15, 16]: 
1. BS that ultimately processes the collected data is located at the centre of the sensing field 
2. All the sensor nodes are identical and are stationary after deployment. 
3. Sensing field is square  
4. Nodes  follow Gaussian distribution 
5. The data aggregation efficiency of Cluster Heads (CHs) is 100%. 
6. The propagation channels are symmetric. 
7. Nodes are not equipped with GPS unit and therefore, they are not location-aware. 

C. Radio Energy Dissipation Model 

Throughout this paper we are using the simple energy consumption model as introduced in [17, 18, 19] and 
shown in fig. 2. In this energy model, the total energy consumption of the which is given by: 

)(),( pEdpEE RxTxc += . The energy consumption at the transmitter ( ),( dpETx ) is divided into the energy 
consumption in transmit electronics and transmitter amplifier while the receiver energy consumption ( )( pERx

) 
depends on only the receiver electronics. Then, the transmitter and receiver energy consumptions are 

n
ampelecTx dppEdpE ε+=),( and ( ) elecRx pEpE = respectively. We are assuming that: )()( __ pEpEE elecrxelectxelec ==  

which is the energy being dissipated to run the transmitter or receiver circuitry to transmit or receive one bit of 
the data packet and ),(_ dpE amptxamp =ε  is energy dissipation of the transmission amplifier to convey one bit of data 
packet to the receiver node with a distance of d as 1m away. p is length of transmitted/ received message in bits 
and d is distance between transmitter and receiver node, n is path loss exponent.  n equal to 2 is used for free 
space model ( fsamp εε =

,
 when 0dd <  ) and n equal to 4 for multipath model   ( mpamp εε =  when 0dd >  )      

4
0

2
0 dpdp mpfs ×=× εε     i.e. 

mp

fsd
ε
ε

=0

 

 

 

 

 

 

 

 

Fig. 2. Radio Energy Dissipation Model [21] 

D. Data Aggregation  

The CHs are responsible for aggregating their cluster members data signals to produce a single representative 
signal. Let ),( psEagg  be energy spent in aggregating “s” streams of “p” bits information into a single stream of 

p bits of aggregated information. Then ppsEagg ×= γ),(  Where γ  is the energy required to aggregate one bit 
of data [20]. 

III. RELATED WORK & CLUSTER SIZE OPTIMIZATION 

Mohammed et al. proposed collaborative beam forming technique to increase the transmission range of 
individual sensor nodes. The author found that the main challenge in using collaborative beam forming in WSNs 
is the uncertainty regarding the sensor node locations. However, the sensor node distribution can be modeled by 
a properly selected Probability Density Function (PDF).  Authors stated that Gaussian PDF, is more suitable in 
many WSN applications than, for example, uniform PDF which is commonly used for ad-hoc networks [5]. 
Gaussian deployment gives wider main lobe and has lower chance of large side lobes. 

Wang et al. found that a uniform random WSN is not able to detect moving intruder if it starts inside the 
network area and is close to the target. Gaussian-distributed WSNs can provide differentiated detection 
capabilities at different locations. Authors compared performance of Gaussian-distributed WSNs with uniformly 
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distributed WSNs. This work analytically formulates detection probability in a random WSN and provides 
guidelines in selecting an appropriate deployment strategy and determining critical network parameters [6].  

Hasbullah et al. considered the problem of energy holes and unbalanced energy consumption in many-to-one 
sensor network due to uniform deployment the nodes closer to a sink carrying heavy traffic loads via multi-hop 
transmission. This results into energy depletion within the area at an increased rate and ultimately leads to 
energy holes around the sink. Such hot-spots are more likely to occur closer to the sink instead of any other 
geographical area spanned by the network [4].  

Heinzelman et al. proposed [21], Low Energy Adaptive Clustering Hierarchy protocol(LEACH) for finding 
optimal number of clusters in WSNs, where sensor nodes are deployed in random and uniform manner. LEACH 
uses a TDMA/CDMA MAC to reduce inter-cluster and intra-cluster collisions. Cluster formation is based on 
many properties such as the number and type of sensors, communication range and geographical location.  

Kim et al. [22] has estimated the optimal number of clusters among random and uniform distributed sensors 
in a bounded sensing field. In this algorithm, optimal number of clusters-heads depends on the distance between 
the base station and sensor nodes. 

Chan et al. [23] proposed a Fixed Optimal Cluster (FOC) numbers to examine the entire network. They have 
adapted two different ways for calculating optimal cluster numbers depending on the position of the base station 
and whether the BS is outside the sensing field or not. 

Yang et al. [24] have proposed a more reasonable energy consumption model called Optimal Energy 
Consumption Model (OECM) in a homogeneous network with random and uniform node distribution. It shows 
that the optimal number of cluster heads not only depends on node density, but also depends on size of sensing 
field, circuit energy dissipation and packet length.  

Navid et al. [25], analytically provides the optimal number of clusters that minimizes the total energy 
expenses in the uniform and random node distributed networks, where all sensor nodes communicate data 
through their elected CHs to the BS in a distributed fashion. The results show that the energy consumption of 
the transmitter circuitry has no impact on the optimal number of clusters and the energy consumption of the 
receiver electronics can substantially change the optimal number of clusters and more importantly it can decide 
whether or not it is worth performing clustering.  

Chen et al. [26] proposed CH optimization based on energy. In this, the authors considered a threshold value 
and the residual energy of node, to optimize the selection of a cluster head. Results show that this algorithm can 
prolong the network lifetime efficiently compared with LEACH [21] protocol.  

The algorithms based on random and uniform node distribution have following problems: 
• Cluster head selection is uncontrolled. 
• Cannot be applied to all the practical cases 

Tripathi et al. [27] introduced clustering of non-uniform random distributed nodes in a circular ring, and 
calculated the optimal number of clusters in WSN. Results show that there is balanced energy expenditure in 
this non-uniform clustering. 

So we can say that Gaussian distribution is better than uniform distribution for realistic applications and 
optimal number of clusters depends on different power of 42 ,, toBStoBStoBS ddd . Where toBSd  denotes 
distance between CH and BS 
A. Cluster Size Optimization 

In sensing field, choosing more clusters while maintaining the same load per CH, the communication distance 
from a sensor node to its own CH is reduced. Therefore, the overall energy consumption is also reduced. On the 
other hand, increasing the number of clusters means that the communication path between a sensor and the BS 
will include more CH to CH hops, which mean higher overall energy consumption. Therefore, finding the 
optimal number of clusters is a crucial point for the WSNs [28]. 

Let us assume square shape sensing field of area A, (side M in square sensing field) with N nodes which 
follow Gaussian placement with optimal number of clusters optK . It means that each cluster contains 

optK

N nodes






















− node CH one and nodes headcluster -non1

optK

N . 

The energy consumption for non-CH nodes follows the free-space model and can be represented as 
2

_ toCHfselectxCHnon dppEE ε+=− , where toCHd  is the distance between the non-CH node and its CH. 

Expected value of square of toCHd  is given by: 
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Finally we can say the energy consumed in each non-CH node per round is given by: 

opt

fs
electxCHnon K
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pEE

π
ε

2_ +=−                                                      (4) 

So, the energy dissipated in an entire cluster during a single round: 

CHnon
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K

N
EE −−+= )1(                                              (5) 

Total energy consumption of the system can be represented as 

TE = optK clusterE  (6) 
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Taking derivative of equation (7) with respect to optK  and the optimal number of clusters can be calculated 
[20]: 

)(2 _ elecrx
n
toBSamp

fs
opt

Ed

AN
K

−
=

επ
ε

                                     (8) 

The equation 8 represent optimal number of clusters which depends on node density, area of sensing field, 
free space energy, amplifier energy, power of distance between BS and CHs and energy consumed by receiver 
circuitry.  The expected values of different power of distance between CHs and BS ( 42 ,, toBStoBStoBS ddd ) 
has been derived in section IV. 

V. PROPOSED ANALYTICAL MODEL FOR CLUSTER SIZE OPTIMIZATION IN GAUSSIAN 
DISTRIBUTED WSN 

Let the shape of a sensing field is the square of side M and assume that the BS is located at the centre of the 
sensing field as shown in fig.3. The probability P that the distance between a randomly chosen point and the BS 
located at the center of the square is less than y should be obtained. The minimum and maximum value of angle 

δ are 0 radian and 
4
π

 radian respectively. where
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Assume that  σσ =y  for simplicity.  
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Fig. 3. Squared shaped Sensing field with BS at the centre 

A. Calculation of Expected value of toBSd  

To find the expected value of the distance from the centre to the entire area of the square, one must integrate 

)(yfy in the interval of [
2

,0 M ]. The values for all combination of standard deviation of Gaussian distribution 

(σ ) and mean distance ( 0y ) are shown in TABLE I. 

TABLE I: Values of toBSd  for Gaussian Node distribution WSN for all combination of 0y and σ  

 

 0.10M 0.20M 0.30M 0.40M 0.50M 0.60M 0.70M 0.80M 0.90M 

0.10M 0.1205 0.3120 0.6080 0.9017 0.9284 0.6054 0.6054 0.0509 0.0054 

0.20M 0.2311 0.3835 0.5386 0.6369 0.6299 0.5177 0.3514 0.1958 0.0892 

0.30M 0.2731 0.3583 0.4284 0.4663 0.4617 0.4155 0.3396 0.2519 0.1694 

0.40M 0.2629 0.3096 0.3446 0.3622 0.3597 0.3373 0.2987 0.2497 0.1971 

0.50M 0.2389 0.2661 0.2856 0.2951 0.2936 0.2814 0.2596 0.2306 0.1973 

0.60M 0.2139 0.2309 0.2426 0.2483 0.2474 0.2400 0.2267 0.2086 0.1868 

0.70M 0.1916 0.2028 0.2104 0.2140 0.2134 0.2086 0.2000 0.1879 0.1732 

0.80M 0.1725 0.1802 0.1854 0.1878 0.1874 0.1842 0.1783 0.1699 0.1595 

0.90M 0.1566 0.1621 0.1658 0.1675 0.1672 0.1649 0.1607 0.1547 0.1471 

B. Calculation of Expected Value  of 
2
toBSd  

To find the expected value of the distance from the centre to the entire area of the square, one must integrate 

)(2 yfy in the interval of [
2

,0 M ]. The values for all combination of standard deviation of Gaussian distribution 

(σ ) and mean distance ( 0y ) are shown in TABLE II. 

 
 
 
 
 

M 

δ  
y  

2
M  

M 

BS 

σ  
0y  

toBSd  
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TABLE II: Values of 2
toBSd for Gaussian Node distribution WSN for all combination of  0y and σ  

 
 
σ              0.10M 0.20M 0.30M 0.40M 0.50M 0.60M 0.70M 0.80M 0.90M 

0.10M M0256.0  M0872.0  M2152.0 M3814.0 M4467.0 M3224.0 M1366.0 M0312.0 M0034.0

0.20M M0775.0  M1417.0  M2164.0 M2750.0 M2891.0 M2504.0 M1778.0 M1030.0 M0485.0

0.30M M1055.0  M1443.0  M1794.0 M2023.0 M2069.0 M1919.0 M1612.0 M1226.0 M0844.0

0.40M M1070.0  M1289.0  M1466.0 M1574.0 M1594.0 M1523.0 M1373.0 M1167.0 M0936.0

0.50M M09964.0 M1126.0  M1225.0 M1283.0 M1293.0 M1255.0 M1172.0 M1054.0 M0912.0

0.60M M09042.0 M0985.0  M1045.0 M1080.0 M1086.0 M1063.0 M1013.0 M0940.0 M0849.0

0.70M M0816.0  M0870.0  M0909.0 M0931.0 M0935.0 M0920.0 M0888.0 M0840.0 M0778.0

0.80M M0738.0  M0775.0  M0802.0 M0817.0 M0820.0 M0810.0 M0788.0 M0755.0 M0712.0

0.90M M0672.0  M0699.0  M0718.0 M0729.0 M0731.0 M0724.0 M0708.0 M0684.0 M0653.0

C. Calculation of expected value of
4
toBSd  

 To find the expected value of the distance from the centre to the entire area of the square, one must integrate 

)(4 yfy in the interval of [
2

,0 M
]. The values for all combination of standard deviation of Gaussian 

distribution (σ ) and mean distance ( 0y ) are shown in TABLE III 

TABLE III: Values of 
4

toBSd  for Gaussian Node distribution WSN for all combination of  0y and σ  

 

σ      y0   0.10M 0.20M 0.30M 0.40M 0.50M 0.60M 0.70M 0.80M 0.90M 

0.10M 30016. M  30087. M  30316. M  30754. M 31106. M 30961. M 30473. M 30120. M 30014. M

0.20M 30119. M  30249. M  30428. M  30604. M 30696. M 30654. M 30499. M 30308. M 30153. M

0.30M 30204. M  30295. M 30387. M  30458. M 30491. M 30475. M 30415. M 30328. M 30234. M

0.40M 30224. M  30279. M 30326. M  30360. M 30375. M 30368. M 30340. M 30296. M 30243. M

0.50M 30217. M  30250. M 30277. M  30295. M 30303. M 30299. M 30284. M 30260. M 30228. M

0.60M 30201. M  30222. M 30238. M 30249. M 30254. M 30252. M 30243. M 30228. M 30208. M

0.70M 30183. M  30197. M 30208. M  30215. M 30218. M 30217. M 30211. M 30201. M 30188. M

0.80M 30167. M  30177. M 30184. M 30189. M 30191. M 30190. M 30186. M 30180. M 30171. M

0.90M 30153. M  30160. M 30165. M  30169. M 30170. M 30170. M 30167. M 30162. M 30156. M

VI. RESULTS AND ANALYSIS 

In this section, analytical results of optimal number of clusters for square sensing fields with Gaussian 
distributed sensor nodes are discussed as follows: The value of 42 ,, toBStoBStoBS ddd  with different values 
of Gaussian standard deviation and mean distance are shown in TABLE I, II and III respectively. The analytical 
results presented in the section IV is further validated through MATLAB programming on Gaussian distributed 
sensor networks. TABLE VII shows the simulation parameters.  It can be inferred from TABLE IV that the 
optimal number of clusters (Optimal cluster size) depends on the node density (N) as well as dimension of the 
sensing field (M) under some constraint. Such constraint implies that electronics energy of the receiver should 
be less and BS should be located on centre of the sensing field for both free space and two ray radio model. The 

value of 
42 , toBStoBS dd  from TABLE II & III shows that the value of optimal number of clusters will be 

least, when mean distance is half of the sensing field and Gaussian standard deviation is 10% of the size of the 
sensing field for all combination of Gaussian standard deviation and mean distance. 
 

0y  

4
toBSd  

2
toBSd  
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TABLE IV: Optimal Number of clusters for free space and two ray radio model 

TABLE V: Comparison of Optimal Number of clusters for uniform and Gaussian node distributed WSNs 

Sensing 
field 

Radio 
Model 

Location 
of BS 

Uniform Node 
Distribution 

Gaussian Node Distribution 

Optimal number 
of 
cluster optK [20] 

Optimal number of 
cluster optK ( MyM 50.0,10.0 0 ==σ )[Proposed] 

 
   Square 

Free 
space 
Model 

Centre of 
sensing 
field 

N977.0  NM60.0  

Two 
ray 
Model mp

fs

M

N

ε
ε

2023.2  
mp

fs

M

N

ε
ε

19.1  

From TABLE IV, optimal number of clusters for free space radio model with Gaussian distributed sensor 
network under given all assumptions can be represented by MNK nopt α== )2(  where    84.659.0 ≤≤ α . 
Optimal number of clusters for two ray radio model with Gaussian distributed sensor network under given 

assumptions can be represented by 
M

N
K nopt β== )4(  where 927104 ≤≤ β . Fig. 4 &5 represents 

comparative analysis between the uniform and Gaussian distributed sensor network for free space and two ray 
path model respectively. Fig. 4 shows that the optimal number of clusters increases in Gaussian distributed 
WSNs as dimension of sensing field increases but for uniform WSNs it is independent of dimension of the 
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sensing field. For two ray path model as shown in fig. 5, the optimal number of clusters decreases as dimension 
of the sensing field increases. Fig. 6 shows Optimal number of clusters vs standard deviation of gaussian 
distributed sensor networks. From this figure we can say that for fixed dimension, as number of nodes increases 
the value of optimal number of clusters also increases. Optimal number of clusters also increases as the standard 
deviation of gaussian distribution increases. In this paper we have proposed the gaussian distribution with 
specific  mean distance that will provide feasable network for realistic applications.   Fig. 7 shows the optimal 
number of clusters vs mean distance in gaussian distributed sensor networks(n=2). From this figure we can say 
that for 50% of the mean distance, the optimal number of clusters will be minimum. Because at this value the 
power of distance between CH and BS will be maximum.  For any application if we need minimum value of 
optimal number of clusters we have to keep value of standard devaition as 0.10M and mean distance should be 
0.50M. TABLE V shows the comparative analysis between uniform and gaussian distributed sensor networks. 

TABLE VI: Simulation parameter 
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Fig. 4. Optimal number of clusters vs dimension of sensing field for uniform and gaussian distributed sensor networks for(n=2) 

Parameters Values 

Sensing field type Square ( MM × ) 
Location of BS  Centre of sensing 

i ldSensing Model Circular  Sensing 
Energy model initial energy of each 2J 

electxE                                            50nJ/bit 

elecrxE  50nJ/bit 

fsε 10pJ/bit/m2

mpε  0.0013pJ/bit/m4

Path loss exponent (n) 2, 4 
)( pEagg

 5nJ/bit/signal 
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Fig.5. Optimal number of clusters vs dimension of sensing field for uniform and gaussian distributed sensor networks(n=4) 
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Fig. 6. Optimal number of clusters vs standard deviation of gaussian distributed sensor networks(n=2) 
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Fig. 7. Optimal number of clusters vs mean distance in gaussian distributed sensor networks(n=2) 
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VI. CONCLUSIONS 

In this paper, we have provided analytical framework to determine the optimal number of clusters for Gaussian 
distributed sensor networks. The analytical results are summarized below: 
1: The optimal number of clusters in Gaussian distributed sensor networks depends on node density(N) as well 
as dimension of the sensing field(M) i.e. ),( MNfKopt =  under certain specific condition for both free space 
and two ray radio model. For uniform distributed sensor networks the optimal number of clusters only depends 
on node density (N) for free space radio model (n=2) i.e. )(NfKopt = . Thus proposed Gaussian distributed 
based cluster optimization appears realistic in practice. 
2: The value of optimal number of clusters will be least when mean distance is half of the sensing field (0.50M) 
and Gaussian standard deviation is 10% of the size of the sensing field for all possible combinations of Gaussian 
standard deviation (σ ) and mean distance( 0y ). 
3: Optimal number of clusters for free space radio model with Gaussian distributed sensor network under given 
assumptions can be represented by MNK nopt α== )2(  where    84.659.0 ≤≤ α  . Assuming BS at centre 
of the square sensing field 
4: Optimal number of clusters for two ray radio model with Gaussian distributed sensor network can be 

represented by 
M

N
K nopt β== )4(  where 927104 ≤≤ β . Assuming BS at centre of the square sensing 

field. 
A.  Open Issues and Challenges 

• With Gaussian node placement, utilizing a more practical radio energy model other than [22], by 
including energy required for modulation process in long range communication.  

• Investigating optimal number of cluster for different shape of sensing field (Circular, hexagonal, 
equilateral triangle for maximum coverage etc) for dynamic position of BS with Gaussian distributed 
sensor network. 

• Investigating optimal number of cluster for different shapes of sensing field (Square Circular, 
hexagonal, equilateral triangle for maximum coverage etc) considering different sensing model of node 
(Multilevel sensing model and Elfes sensing model) with Gaussian distributed sensor network. 
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