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Abstract— Let G be a bipartite graph. A X-dominating set D of X of G is a strong nonsplit X-
dominating set of G if every vertex in X-D is X-adjacent to all other verticesin X-D. The strong nonsplit
X-domination number of a graph G, denoted by ¥ (G) is the minimum cardinality of a strong

nonsplit X-dominating set. We find the boundsfor strong nonsplit X-dominating set and give itsbipartite
version.
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I. INTRODUCTION
Let G be a simple graph. The bipartite theory of graphs was formulated by Hedetniemi and Laskar in [1,2]
which states that for any problem, say P, on an arbitrary graph G, there is a corresponding problem Q on a
bipartite graph G1, such that a solution for Q provides a solution for P. The parameter called X-dominating set
and Y-dominating set was introduced in [ 1,2] and was further studied in [ 5]. The bipartite version of
irredundant set, domination in complement of a graph was discussed in [ 6,7]. In this paper, we define strong
nonsplit X-dominating set and give its bipartite version.
Il. PRELIMINARIES

Let G = (V,E) be agraph. The number of vertices of G we denote by n. By the neighbourhood of a vertex v of
G we mean the set N (V) ={u:uandvareadjacent} . We say that a vertex is isolated if it has no
neighbour, while it is universal if it is adjacent to all other vertices. The degree of a vertex v, denoted by dg(v),
isthe cardinality of its neighbourhood. Let d(G) mean the minimum degree among al vertices of G. We say
that a subset of V(G) isindependent if there is no edge between any two vertices of this set. The independence
number of a graph G, denoted by 5(G), is the maximum cardinality of an independent subset of the set of
vertices of G. The clique number of G, denoted by @(G) , is the number of vertices of largest complete graph
which is a subgraph of G.

A vertex of a graph is said to dominate itself and all its neighbours. A subset D of V(G) is a
dominating set of G if every vertex of G isdominated by at least one vertex of D. The domination number of G,

denoted by 7(G) , is the minimum cardinality of a dominating set of G. Many types of domination parameters
were defined and the reader is referred to a comprehensive survey of domination in graphs, see[3,4].

Let G be a bipartite graph. Two verticesu and v in X are X-adjacent if they are adjacent to a common
vertex y in Y. A subset Sof X isaX-dominating set if every vertex in X-Sis X-adjacent to avertex of S. The
minimum cardinality of a X-dominating set is called the X-domination number of a graph G and is denoted by

7« (G). Two vertices are said to be X-independent if they are not X-adjacent. A subset D of X is called a X-
independent set if any two verticesin D are not X-adjacent. The maximum cardinality of a X-independent set is
c alled the X-independence number of G and is denoted by ﬂx (G). A subset Sof X isaX-cliqueif any two

vertices of S are X-adjacent. The maximum cardinality of a X-clique denoted by @, (G) iscalled the X-clique
number of G.

I11. STRONG NONSPLIT X-DOMINATION NUMBER OF A BIPARTITE GRAPH

Definition 1: A X-dominating set of G is said to be a strong nonsplit X-dominating set of G if every vertex in
X-D is X-adjacent to all other vertices in X-D. The strong nonsplit X-domination number of a graph G,

denoted by ¥ (G) isthe minimum cardinality of astrong nonsplit X-dominating set.
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Remark 2: Let G be a bipartite graph with at least one non Y-isolat say x. Then X-{x} is a strong nonsplit X-
dominating set of G. Hence, every bipartite graph with at least one non Y-isolate has a strong nonsplit X-
dominating set of G.

Theorem 3: Let G be a bipartite graph with p>2 and there exists vertices u,v,w which are mutually X-adjacent.
Then 7.« (G) < p-2.

Proof: By hypothesis, there exists vertices u,v,w which are mutually X-adjacent. Then, X-{u,v} is a strong
nonsplit X-dominating set of G. Therefore, ¥4 (G) < p—2.

Theorem 4: For any connected bipartite graph G, By (G) < 74« (G).

Proof: Let D bea p . —setof G. Then any two verticesin X-D are X-adjacent. Moreover every vertex in X-
D is X-adjacent to avertex of D. Therefore, 3, (G) < |D| = Voex (G). Thebound is attained in K.
Notation: Let S, be abipartite graph (X, Y, E), |X| =p; |Y| = p—1 with avertex in X, X-adjacent to al other

vertices of X through differenty in' Y and all verticesin X-{x} are end vertices.
We now compute the strong nonsplit X-domination number of standard graphs.

Theorem 5: (i) For the complete bipartite graph Ky g (K1) = 1.
IX|-2if n=2

ii) For the cycle Con, Yoex (Cyn) =
w yleCon P (Can) {1ifn:2,3

(iii) For the graph S, 74 (Sp) = p—1.
Proof: (i) We know that 1= 3, (K|, ) < Ve (K.,)- Any vertex in X is a strong nonsplit X-dominating
set. Therefore, ¥g (Kin) S1. Hence, 7o (K, 0) =1.

(if) The graph C,is K,,. Hence, ¥« (K2,2) =1. In the case of n=3, any vertex of X is a strong nonsplit X-
dominating set and 1= /3, (Cg) < ¥4 (C). Therefore, 74,4 (Cs) =1. For n>3, let uv and w be
mutually X-adjacent verticesin X(G). Then, X(C,,) —{u,V} is a strong nonsplit X-dominating set. Hence,
Vaex (Con) S|X|—2. Clearly, the above set is minimum strong nonsplit X-dominating set. Hence,

Vsnsx (CZn) = |X|_2
(iii) We have p—1= 3, (S,) < Vg (S,)- The set X-{x} where x is the vertex X-adjacent to all other
vertices of X is a strong nonsplit X-dominating set. Therefore, ¥ .« (Sp) < p—-1. Hence

Y snsx (SP) = p_l

Definition 6: A strong nonsplit X-dominating set D of agraph G isaminimal strong nonsplit X-dominating set
if no proper subset of D isanonsplit X-dominating set of G.

We now characterize minimal strong nonsplit X-dominating set of graph G.

Theorem 7: A strong nonsplit X-dominating set D of G is minimal if and only if for all ve D, one of the
following conditions hold:

() Thevertex visan Y-isolate of D.

(i) There exists avertex uin X-D such that uis Y -private neighbor of v.

(iii) There exists avertex w in X-D such that w is not X-adjacent to v.
Proof: Let D be aminimal strong nonsplit X-dominating set. Letve D, then D —{V} is not a strong nonsplit
X-dominating set. Either there exists We X — (D —{V}) which is not X-adjacent to Ve D or vertices in
X — (D —{V}) are not complete.
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Case (i): There exists We X — (D —{V}) which is not X-adjacent to V€ D then either V=W in

which case v isan Y-isolate of D whichis (i) or we X — D . If wisnot X-adjacent with any vertex in D then
w isa -private neighbor of v which is (ii).

Case (ii): Vertices in X —(D—{V}) are not X-complete. Equivalently there is a vertex
we X — D whichisnot X-adjacent to v which is (iii).

Conversely, let for some Ve D some of the three conditions hold. Then D —{V} is a X-dominating
set of G such that (X — D) U{V} is X-complete. Therefore, D —{V} is a strong nonsplit X-dominating set of
G. That isD isnot aminimal strong nonsplit X-dominating set of G.

The complement of a minimal strong nonsplit dominating set is not a strong nonsplit dominating set. The
complement of a minimal strong nonsplit dominating set is aso a minimal strong nonsplit dominating set if
some conditions are imposed as given in the following theorem.

Theorem 8: Let G be agraph with A, (G) < p—2. Let D be astrong nonsplit X-dominating set of G such
that (D) isaX-cliqueand |D| < &, (G). Then (i) Disaminimal nonsplit X-dominating set. (ii) The set X-
D isalso aminimal strong nonsplit X-dominating set of G.

Proof: Since A, (G) < p—2, for every v in D, there exists w in X-D such that v and w are not X-adjacent.
Hence, D is a minima nonsplit X-dominating set. Since |D| < d, (G), every vertex in D is X-adjacent to
some vertex in X-D. Since <D> isaX-clique, the set X-D is a strong nonsplit X-dominating set of G. Also by

the above theorem, we have X-D isaminimal strong nonsplit X-dominating set of G.
We now give the lower and upper bounds of strong nonsplit X-domination number of agraph G.

Theorem 9: For any bipartite graph G, p— @, (G) < 7, (G) < p— @, (G) +1.
Proof: Let D be a yq —Set. Then X-D is a X-clique. Therefore, @, (G) = |X - D| = P— Yo (G) .
Therefore, p— @y (G) < Y4 (G).

Let S be a X-clique set of order @, (G). Then, (X —S) u{wW},we S isa strong nonsplit X-
dominating set. Hence, 7o (G) < |X - S| +1=p-w,(G)+1.

Theorem 10: Let G be a connected bipatite graph with @, (G)=6,(G) . Then
Yeex (G) £ p— 9, (G) and the bound is attained if and only if one of the following conditions is satisfied (i)
a, (G) =9, (G) (i) wy, (G) =9, (G)+1and every w, —set S of X contains a vertex not X-adjacent to
any vertex of X-S.

Pr oof: Suppose w, (G) 20,(G)+1 . Then,
Yox (G) S p—, (G)+1< p-9d, —1+1=p-96,(G) . Let @, (G) =9, (G) . Let Sbea w, — st
of G with |S| =w, (G). Since |S| =0, (G) every vertex in S is X-adjacent to at least one vertex in X-S.

That s, X-S is a X-dominating set and hence a nonsplit X-dominating set.
Therefore, 74, (G) < p— @, (G) < p—06,(G) . Already, pP—@,(G) <y (G) . Therefore,

Yasx (G) = P=6,(G) .

Assume condition (ii). Thatis, @y (G) =0, (G)+1 and every @, — set S contains a vertex not
X-adjacent to any vertex of X-S. Let w in S be the vertex not X-adjacent to any vertex of X-S. Then
(X =S)u{w} is a nonsplit X-dominating Set. Therefore,

Yox (B) S p—, (G)+1< p-9d, —1+1=p-06,(G) . That is Y4 (G) < p—0,(G), since
every @,y set of cardinality 5Y +1 contains a vertex not X-adjacent to any vertex of X-S. Therefore,

Yok (G) 2 P=6,(G) . Hence, 7, (G) = p-6,(G).
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Conversdly, let 7o (G)=p—-96,(G) . Then, @, (G)=6,(G) or @, (G)=6,(G)+1 .
Suppose there exists a @, - set with |S| = 0, (G) +1such that every vertex in S is X-adjacent with some

vertex in X-S. Then X-S is a strong nonsplit X-dominating set of G. Hence, ¥, (G)<p-4, , a
contradiction. Hence, one of the given conditions is satisfied.
A. Bipartite version of Srong nonsplit X-dominating set

Given a graph, we can construct a variety of bipartite graph corresponding to the given graph. Here we define
the bipartite graph VE(G)[1] constructed from G asfollows: The graph VE(G)=(V ,E,F) is abipartite graph with
the set of edges F defined asfollows: x inV and ein E are adjacent if and only if x and e are incident with each
otherin G.

A subset D of V isastrong nonsplit dominating set if D isadominating set and every vertex in V-D is adjacent.
The minimum cardinality of a strong nonsplit dominating set of a graph G, denoted ¥ (G) s caled the
strong nonsplit domination number of agraph G.

Theorem 11: For any graph G, ¥4 (VE(G)) = 74 (G).

Proof: Let Sbea ¥ —set of VE(G). The set Sis X-dominating set and every vertex in X-S are X-adjacent.
In the graph G, the set S is dominating set and the set V-Sisaclique. Hence, Sis a strong nonsplit dominating
setinthe graph G. Therefore, ¥, (G) < |S| = ¥ex (VE(G)) .

Conversely, let usassumethat D is ., —set of G. Theset D is dominating set and every vertex in X-
D is adjacent. In the graph VE(G)= (X,Y,F), the set D of X is X-dominating and the set X-D is a X-clique.
Therefore, D isastrong nonsplit X-dominating set in VE(G). Hence. ¥ VE(G)) < |S| = Vs (G) .

IV.CONCLUSION

In this paper, minimal strong nonsplit X-dominating set is defined and is characterized. We have also
calculated the bounds of the strong nonsplit X-domination number and has given the bipartite version of the
strong nonsplit X-dominating set.
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