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Abstract- We consider the propagation of soliton in colloidal nano-suspension. We derive the semi 
analytical solution for soliton propagation in colloidal nano-suspensions for both one and two spatial 
dimensions using variational method. This Variational method uses both Averaged Lagrangian and 
suitable trial functions. Finally we analyse about Rayleigh scattering loss in the soliton propagation 
through the colloidal nano-suspensions. 
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I. INTRODUCTION 

Soliton propagation through the colloidal medium is studied in ref.[2],[3],[5],[8],[9] and [10]. We consider the 
suspension of dielectric spherical nano-particles as a colloidal medium. The interaction between light and low 
dimensional materials plays crucial role in the field of science, engineering and technology over the past 25 
years. If we pass a laser light beam through a colloidal suspension which consists of spherical dielectric nano-
particles, then the laser light will change the refractive index of the nano-particles. The refractive index 
increases near higher light intensity region. This change in refractive index will create an optical self trapped 
beam called Optical spatial soliton[1]. 
The governing equations for spatial soliton in colloidal suspension is derived in ref. [3],[5]. The colloidal nano-
particles are considered as a hard-sphere gas and Carnahan-Starling compressibility formula are used and the 
numerical solution and the stability of the soliton in colloidal medium for both one and two spatial dimensions 
are given. Given in ref.[5], two different kinds of spherical dielectric nanoparticles are considered. On these two 
kinds of nano-particles one has refractive index higher and another one has lower than that of background 
medium.  
Ref.[8] gives the semi analytical solution for propagation of soliton in colloidal medium for both one and two 
spatial dimensions using the Variational method and on neglecting the losses due to Rayleigh scattering. From 
ref.[3] the scattering loss coefficient is directly proportional to diameter of the nano-particles and inversely 
proportional to wavelength of the propagating light. The radiation loss in soliton propagation is studied in 
ref.[7],[11]. In this paper, we include the Rayleigh scattering loss of the soliton propagation in colloidal 
suspension. When a wave propagates through a colloidal suspension of spherical dielectric nanoparticles, 
scattering of light occur (Rayleigh scattering) and this scattering effect is considered in this paper. By using 
variational method [6],[12], we obtaine the semi-analytical solution for the soliton propagation in colloidal 
suspension. 
This paper is organized as follows. The governing equation for soliton propagation is given in chapter 2. 
Chapter 3 gives the semi-analytical solution for soliton propagation in colloidal suspension for the one spatial 
dimension. Chapter 4 gives the same for two spatial dimensions and finally conclusion is given in chapter 5.  

II. GOVERNING EQUATION 

When an Optical beam propagates through a colloidal nano-suspension of spherical dielectric nano-particles, the 
governing dimensionless non-linear evolution equation can be written as follows [3],[5] 

    ݅ డாడ௭  ଵଶ ଶE  ሺη െ ηሻE  iγE ൌ 0, 
 

ଶ|ܧ|                                                                     ൌ ݃ሺߟሻ െ ݃ሺߟሻ 
                                             

and                                                                                                      gሺߟሻ ൌ ଷିఎሺଵିఎሻయ ln η.              (1) 

In the above equation, ‘E’ is Envelope of electric field, ‘ߟ’ is packing fraction of colloidal nanoparticles, ߟ is 
background packing fraction and ߛ is loss coefficient. 
The Lagrangian density for the above colloidal equation is given as follows 
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  L ൌ iሺܧכܧ௭ െ ሻכ௭ܧܧ െ |Δܧ|ଶ  2ሺߟ െ ଶ|ܧ|ሻߟ  ଶ|ܧ|ߛ2݅ െ ସିଶఎሺଵିఎሻమ  ସିଶఎబሺଵିఎబሻమ െ ߟ2 ln ߟ  ߟ2 ln ߟ  2ሺߟ െߟሻሺ1  ݃ሻ.                                                                                                                                                        (2) 

Here, ‘*’ denotes the complex conjugate, ܧ௭ ൌ డாడ௭ is the derivative of E with respect to z. 

Equation (1) explains the soliton formation in colloidal suspension 

III. ONE SPATIAL DIMENSION 

The trial function for one spatial dimension is given as  
ܧ  ൌ a sech ቀ௫ିకఠ ቁ ݁൫ఙାሺ௫ିకሻ൯  ݅݃݁൫ఙାሺ௫ିకሻ൯, 
and  

ߟ                                                       ൌ ߟ  ଶ݄ܿ݁ݏ ߙ ௫ିకఉ .                       (3) 
 

Here, ‘a’ is the amplitude and ‘ω’ is the width of the electric field. ‘α’ is the amplitude and ‘β’ is the width of the 
colloidal fraction. ‘σ’ represents the propagation constant of the soliton. ߦᇱ ൌ ܷ is the soltion velocity. ‘g’ 
represents the radiation bed. 
On substitutes these trial functions into Lagrangian density and on integrates it with respect to 'x' over infinite 
interval, the Averaged Lagrangian is obtained as 
 ࣦ ൌെ2ሺ2ܽଶ߱  Λ݃ଶሻ ቀߪᇱ  మଶ െ ᇱቁߦܷ െ ᇱ߱݃ܽߨ2  ᇱ݃߱ܽߨ2  ᇱ߱߱݃ܽߨ2 െ ଶమଷఠ  4݅ܽଶ߱ߛ  ,ଶΩଵሺ߱ܽߙ4 ሻߚ െ         ߚΞଵሺߙሻ െ ሻߙΘଵሺߚ4  ሺ1ߚߙ4  ݃ሻ,                            (4) 
 
where,  Ωଵሺ߱, ሻߚ ൌ න ଶ݄ܿ݁ݏ ൬ ߞ߱ ൰ ଶ݄ܿ݁ݏ ൬ߚߞ൰ ஶߞ݀

 , 
                                          Ξଵሺߙሻ ൌ න ቆ4 െ ߟ2 െ ଶ߫ሺ1݄ܿ݁ݏ ߙ2 െ ߟ െ ଶሻଶ݄ܿ݁ݏ ߙ െ 4 െ ሺ1ߟ2 െ ሻଶቇஶߟ

  ݀߫, 
 
and                                                              Θଵሺߙሻ ൌ  ሺߟሺ2 ln ߟ  ln ଶ݄߫ܿ݁ݏ ߙ  ଶ݄߫ܿ݁ݏ ߙ lnሺߟ ஶ݄ܿ݁ݏ ߙଶ߫ሻሻ݀߫. 
 To obtain the modulation equations, variations on the above Lagrangian density with respect to soliton 
parameters are taken as follows 

 ௗௗ௭ ሺ2ܽଶ߱  Λ݃ଶሻ ൌ 0,                                                                                                    (5) 
 

ߨ             ௗௗ௭ ሺܽ߱ሻ ൌ Λ݃ ቀߪᇱ  మଶ െ ܷ߫ᇱቁ,                                                                       (6) 
 

ߨ                      ௗௗ௭ ൌ ଶଷఠమ െ ଶఈఠ ሺΩଵ െ ߱Ωଵఠሻ,                                                                (7) 
 

                             ௗఙௗ௭  మଶ െ ܷ ௗచௗ௭ ൌ ିଵଷఠమ  ఈఠ ሺ2Ωଵ െ ߱Ωଵఠሻ   (8)                                                      ,ߛ2݅
 

 ௗௗ௭ ሺ2ܽଶ߱  Λ݃ଶሻܷ ൌ 0,                                                                                                     (9) 
                             ௗచௗ௭ ൌ 0,                                                                                                   (10) 
 4ܽଶΩଵ െ Ξଵఈߚ െ Θଵఈߚ4  ሺ1ߚ4  ݃ሻ ൌ 0,                                                                                                   (11) 
ଶΩଵఉܽߙ4  െ Ξଵ െ 4Θଵ  ሺ1ߙ4  ݃ሻ ൌ 0,                                                                                                   (12) 
 

and                                                         4݅ܽଶ߱ ൌ 0.                                                                                    (13) 
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Mass conservation is represented by equation (5) and the momentum conservation is represented by equation 
(9). 
For the steady state the values of U and ξ become zero. Hence equations (5)-(13) can be rewritten as 

                                                                                                     ݃ᇱ ൌ ଶమଷగఠమ െ ଶఈగఠ ሺΩଵ െ ωΩଵఠሻ,                                   (14) 
ᇱߪ                   ଵଶఠమ െ ఈఠ ሺ2Ωଵ െ ߱Ωଵఠሻ െ ߛ2݅ ൌ 0,                                 (15) 

  4ܽଶߙ൫Ωଵ െ Ωଵఉ൯ߚ െ Ξଵఈߙሺߚ െ Ξଵሻ െ Θଵఈߙሺߚ4 െ Θଵሻ ൌ 0,                                                                     (16) 
ଶΩଵఉܽߙ4                             െ Ξଵ െ 4Θଵ  4αሺ1  gሻ ൌ 0,                                                                              (17) 

 
and                                                                              4݅ܽଶ߱ ൌ 0.                                                                     (18) 

 
In the above equations ݃′ ൌ ௗௗ௭, ߪ ′ ൌ ௗఙௗ௭, Ωଵఠ ൌ ௗΩభௗఠ , Ωଵఉ ൌ ௗΩభௗఠ  and Θଵఈ ൌ ௗΘభௗఈ .  Above equations (14-18) are 
called variational equations or modulation equations of one spatial dimension. These equations explain how 
soliton propagates in colloidal suspension. We can see that from equation (14-18) the soliton propagation 
mainly depends on the loss parameter γ. So according to the value of γ, the propagation of the soliton in 
colloidal suspension will vary. So for smaller particle the scattering loss is less and the soliton will propagate 
with negligible scattering loss. Thus for smaller particle size and high wavelength laser light, the loss will be 
very small or negligible. Otherwise scattering loss will affect the propagation of soliton in colloidal suspension 
of dielectric nano-particles. 

IV.TWO SPATIAL DIMENSION 
 
Trial function for two spatial dimensions is given as 
 

                                                         E=a sechሺథఠሻ݁ቀఙାሺ௫ିకೣሻା൫௬ିక൯ቁ  ݅݃݁ቀఙାሺ௫ିకೣሻା൫௬ିక൯ቁ, 
and    
ߟ                                               ൌ ߟ  ଶሺథఉሻ.                                                                         (19)݄ܿ݁ݏ ߙ                                       
 
where, ‘a’ is the amplitude and ‘ω’ is the width of the electric field. ‘α’ is the amplitude and ‘β’ is the width of 
the colloidal fraction. ‘σ’ represents the propagation constant of the soliton. ‘g’ represents the radiation bed and 
 
                                                            ߶ ൌ ඥሺݔ െ ௫ሻଶߦ  ሺݕ െ  .௬ሻଶߦ
 
On substitutes these trial functions into Lagrangian density and on integrates it with respect to 'x' over infinite 
interval, the Averaged Lagrangian is obtained as 
 
L=െ2ሺ2ܽଶ߱ܫଶ  Λ݃ଶሻ ቀߪ ′  మଶ െ ′௫ߦܷ  మଶ െ ′௬ߦܸ ቁ െ 2ܽ݃′߱ଶܫଵ  2ܽ′݃߱ଶܫଵ  ଵܫ2ܽ݃߱߱′ െ ܽଶܫଶଶ 2ܽߙଶΩଶሺ߱, ሻߚ  2݅ܽଶ߱ଶܫߛଶ െ ሻߙଶΞଶሺߚ െ ሻߙଶΘଶሺߚ2  ଶሺ1ߚߙܽ  ݃ሻܫଶ,                                                   (20) 
 
where, 
ଵܫ                                                        ൌ  ∞,߫݀ ݄߫ܿ݁ݏ ߫  
 
ଶܫ                                                        ൌ  ଶ߫∞݄ܿ݁ݏ ߫  ݀߫, 
 
ଶଶܫ                                                       ൌ  ଶ߫ ݀߫,∞݄݊ܽݐଶ݄߫ܿ݁ݏ ߫  
 
                                             Ωଶሺ߱, ሻߚ ൌ  ଶ݄ܿ݁ݏ ߫ ቀచఉቁ ଶ݄ܿ݁ݏ ቀ చఠቁ ݀߫ஶ , 
     Ξଶሺߙሻ ൌ න ߫ ቆ4 െ ߟ2 െ ଶ߫ሺ1݄ܿ݁ݏ ߙ2 െ ߟ െ ଶሻଶ݄ܿ݁ݏ ߙ െ 4 െ ሺ1ߟ2 െ ሻଶቇஶߟ

  ݀߫, 
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and                                            Θଶሺߙሻ ൌ  ߫ ሺߟሺ2 ln ߟ  ln ଶ݄߫ܿ݁ݏ ߙ  ଶ݄߫ܿ݁ݏ ߙ lnሺߟ  ଶ߫ሻሻ݀߫ஶ݄ܿ݁ݏ ߙ  
  
Variational equations are obtain similar to one spatial dimension and the final equations are written as follows 
 
                                                                                             ݃ᇱ ൌ ூమమଶூభఠమ െ ఈଶூభఠమ ሺ2Ωଶ െ ߱Ωଶఠሻ,                       (21) 
ߪଶଶܫ                                                       ′  ூమమఠమ െ ఈଶఠమ ሺ4Ωଶ െ ߱Ωଶఠሻ െ ଶܫߛ݅ ൌ 0,                                                                  (22) 
 
                         2ܽଶΩଶ െ ଶΞଶఈߚ െ ଶΘଶఈߚ2  ଶሺ1ߚଶܫ2  ݃ሻ ൌ 0,                                                                 (23) 
 
ଶΩଶఉܽߙ                               െ Ξଶߚ െ Θଶߚ2  ሺ1ߚߙଶܫ2  ݃ሻ ൌ 0,                                                                 (24) 
 
and                                                                             2݅ܽଶ߱ଶܫଶ ൌ 0.                                                                   (25) 
 

In the above equations ݃ᇱ ൌ ௗௗ௭, ߪᇱ ൌ ௗఙௗ௭ , Ωଶఉ ൌ ௗΩమௗఠ   and  Ωଶఠ ൌ ௗΩమௗఠ . The above equations (21-25) are called 
variational equations or modulation equations. These equations explain how soliton propagates in colloidal 
suspension for two spatial dimensions. From the semi-analytical solutions it is clear that the Rayleigh scattering 
loss parameter γ affects the soliton propagation in colloidal suspension. So to reduce the scattering loss the 
selection of size of the nano-particle as well as the wavelength of the light is very important criteria. 

V. CONCLUSION 

Soliton propagation in colloidal suspensions is considered. We obtain the semi-analytical solution for soliton 
propagation in colloidal suspension using variational method for both the cases of one as well as two spatial 
dimensions. From these solutions Rayleigh scattering is analyzed. From the semi-analytical solution it is clear 
that the scattering loss directly affects the soliton propagation in colloidal suspension. For soliton propagation in 
colloidal suspension the size of the suspended particle as well as the wavelength of the input light is very 
important. 
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