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Abstract— The problem of reflection of Love waves at a rigid 

barrier is studied in this paper by taking the barriers of 
different sizes. The barrier is present in the homogeneous, 
isotropic and slightly dissipative surface layer. The reflected 
waves are obtained by Wiener – Hopf technique and Fourier 
transformations. Numerical computation has been done and 
conclusion has been drawn from the graphs of amplitudes 
versus wave number of the reflected Love waves. The amplitude 
of the reflected waves decreases rapidly with the increase in 
wave number  and  then it decreases at slower rate and 
ultimately becomes saturated which shows that love waves take 
a long time to dissipate and go on moving around earth surface 
for a long time. The comparison of graphs also shows that the 
barriers of large sizes result in reflected Love waves with larger 
amplitudes. 
 

Keywords: Fourier transforms, free surface, reflection, rigid 
barrier, Wiener – Hopf technique 
 

I. MATERIAL AND METHODS 

Love waves are the surface seismic waves that cause 
horizontal shifting of earth during an earthquake. The particle 
motion of Love waves forms a horizontal line perpendicular 
to direction of propagation. These waves take a long time to 
dissipate due to large amount of energy they contain [6, 11]. 
Here we discuss the reflection of Love waves at a rigid barrier 
– H ≤ ݖ  ≤ -h, x = 0, present in the layer – H ≤ ݖ    ≤ 0 
superimposed on a solid half space 0 ≤ ݖ in zx – plane. This 
paper deals with the reflection of Love waves due to 
irregularities like rocks in the surface layer. The problem is 
based on a paper by Sato [8] who studied the problem of 
reflection and transmission of Love wave at a vertical 
discontinuity in a surface layer. Zaman et al. [4, 9] have 
solved the problem of diffraction of Love waves normally 
incident on two parallel  perfectly weak half planes lying in 
surface layer.  Deshwal  and  Mudgal  [7] have solved the 
problem of scattering of love waves due to surface  
irregularity in form of barrier of finite depth.  Tomar and 
Kaur [10] have studied the problem of reflection and 
transmission of a plane SH-wave at a corrugated interface 
between a dry sandy half space and an anisotropic elastic half 
space. They used the Rayleigh’s method of approximation for 
studying the effect of sandiness, the anisotropy, the 
frequency and the angle of incidence on the reflection and 
transmission coefficients. Chattopadhyay et. al. [1] have 
studied the reflection of shear waves in visco-elastic medium 
at parabolic irregularity. They found that amplitude of 
reflected wave decreases with increasing length of notch and  
Increases with increasing depth of irregularity. Here we 
discuss the propagation of Love waves through irregularity in 

form of rigid barrier and the results have been discussed by 
taking different sizes of barrier.The present paper is based on 
reflection of Love waves at a rigid barrier in a solid layer of 
thickness H, the upper surface of which is a free surface. The 
incident love wave propagates parallel to x-axis in vertical 
zx-plane. The geometry of the problem is given in figure 1. 
Let the incident love wave is given by Sato [8]. 
 

଴,ଵݒ ൌ cos ܣ ଶேߠ   ; ሺఏభಿ௭  ି ௜௞భಿ௫ ሻି݁ ܪ
൒ ݖ  0,     (1) 
 
଴,ଶݒ ൌ cos ܣ ଶேߠ ሺݖ ൅   ;ሻ ݁ିሺ ௜௞భಿ௫ ሻܪ
െܪ ൑ ൑ ݖ   0,                                                (2) 
where   
ଶேߠ ൌ ඥ݇ଶ 

ଶ െ ݇ଵே
ଶ  , ଵேߠ ൌ ඥ݇ଵே

ଶ െ ݇ଵ 
ଶ   and                     

| ݇ଵ| < | ݇ଶ |                                                          (3)           
 and  ݇ଵே is a root of equation   

tan ଶேߠ ܪ ൌ ߛ  ఏభಿ

ఏమಿ 
ߛ   ,   ൌ  

ఓభ

ఓమ
,                      (4)              

 
where, ߤଵ ܽ݊݀ ߤଶ are rigidities of shear waves in the half 
space and in the layer respectively  
 
 

 
 

Figure 1: Geometry of the problem 

 
 
The problem is being solved by the Wiener – Hopf technique 
[2] and Fourier transforms [5]. 
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The wave equation is given by 
 
௝݇ + 2 ׏)

ଶ) ݒ௝= 0;  ݆ ൌ  1,   2   (5) 
where  

 ௝݇  ൌ  ට
ఠమା ௜ఌఠ

௏ೕ
మ      =  ௝݇

ᇱ   +  ௝݇
ᇱᇱ,                                        (6) 

 
where  V1

 and V2 are velocities of shear waves in half space 
and in the layer – H ≤ 0 ≥ ݖ  respectively. 
Let the total displacement is given by 
 
൒ ݖ   ;     ଵݒ +଴,ଵݒ  =  ݒ  0,                               (7)                       
൑ ܪ ଶ   ;  െݒ + ଴,ଶݒ =      ൑  ݖ   0,                     (8) 
with the boundary conditions 
൑ ܪଶ  =  0 ;  െݒ  + ଴,ଶݒ  ൑ ݖ   െ ݄,   ݔ ൌ  0 ,                   (9) 
     
డ

డ௭
൒ ݔ ;0 = (  ଶݒ  + ଴,ଶݒ )     0 , ൑ ݔ  0, ൌ ݖ  െ (10)            ,ܪ            

                                       
,ଶݒ  =  ଵݒ  ߤ

ଵ  
ങೡభ
ങ೥

ߤ  =  
ଶ  

ങೡమ
ങ೥

െ∞ ൏ ,0 = ݖ ,  ݔ ൏ ∞         (11) 

 
Taking Fourier transforms of equation (5) and considering 
the reflection of incident Love waves at the rigid barrier 
െ ܪ ൑ ൑ ݖ   െ݄ , we obtain 
ௗమ௩തమሺ௣,௭ሻ

ௗ௭మ   ଶߠ - 
ଶ ,݌ҧଶሺݒ  (12)                                         ,0 = (ݖ

where    ߠଶ ൌ  േ ඥ݌ଶ െ  ݇ଶ
ଶ .                                   (13)                                                                                     

Solving equation (12) we get 

,݌ҧଶሺݒ  െ   = (ݖ
ఏమ  ୡ୭ୱ୦ ஘మ ௭ – ఊ ఏభ ୱ୧୬୦ ఏమ௭

ఏమሺఏమ ୱ୧୬୦ ఏమ௛ାఊ ఏభ ୡ୭ୱ୦ ఏమ௛ ሻ
 ҧԢଶ(p).    (14)ݒ 

 
The displacement ݒଶሺݔ,  ሻ  is obtained by taking inverseݖ
Fourier transform of the above equation 

,ݔଶሺݒ  ሻݖ ൌ ଵ

ଶగ
׬ ҧଶݒ

ஶା௜ఉ
ିஶା௜ఉ

ሺ݌,  ൌ ݌ሻ݁ି௜௣௫݀ݖ
 
ଵ

ଶగ
׬

ିଵ

ఏమ
ቂఏమ ୡ୭ୱ୦ ఏమ௭ିఊఏభ ୱ୧୬୦ ఏమ௭

ఏమ ୱ୧୬୦ ఏమ௛ାఊఏభ ୡ୭ୱ୦ ఏమ௛
ቃ ᇱഥݒൣ

ଶశሺ݌ሻ ൅
ஶା௜ఉ

ିஶା௜ఉ

Ԣഥݒ
ଶషሺ݌ሻ൧݁ି௜௣௫݀(15)                                                        , ݌ 

where 
 
Ԣഥݒ

ଶశሺ݌ሻ   

ൌ ൥
ܶሺ݌ଶ െ ݇ଶ

ଶሻ
݌ ൅ ݇ଵே

൅
ᇱഥݒ

ଶశሺ݇ଶሻ ାܲሺ݇ଶሻሺ݌ ൅ ݇ଶሻ
2݇ଶ

 

൅ 
ᇱഥݒ݅ ଶషሺെ݌ଶ௠ሻ݇ାሺ݌ଶ௠ሻሺ݌ଶ െ ݇ଶ

ଶሻ݇ߜାሺ݌ሻ

ାܲሺ݌ଶ௠ሻ

െ ଶேߠߜܣ2݅ sin ଶെ݇ଶ݌ଶேሺߠ
ଶሻ. ෍

1
ሺ݇ଵே

ଶ ൅ ௡݌
ଶሻሺ݌ ൅ ௡ሻ݌݅ ାܲሺ݅݌௡ሻ

ஶ

௡ୀଵ

െ
ᇱഥݒ

ଶశሺ݇ଶሻሺ݌ െ ݇ଶሻ

2݇ଶ ାܲሺ݇ଶሻ
൅ ෍

ᇱഥݒ݅
ଶశሺ݅݌௡ሻሺ݌ଶ െ ݇ଶ

ଶሻ

݌௡ሺ݌ ൅ ௡ሻ݌݅ ାܲሺ݅݌௡ሻ

ஶ

௡ୀଵ

൅
ܣ݅ sin ݌ሺߜଶேߠ െ ݇ଶሻ

ଶேߠ ାܲሺ݇ଶሻ
൩

1

ାܲሺ݌ሻ
,                                          ሺ16ሻ 

 
 
 
 
 
 

where   ߜ ൌ െ ܪ   ݄ and 
ܶ

ൌ ൥ߠܣଶே sin .ߜଶேߠ ෍
1

௡ሺ݇ଵே݌ െ ௡ሻ݌݅

ஶ

௡ୀଵ

൅ ଶேߠܣ݅ sin ߜଶேߠ ା݂ሺ݇ଵேሻߜ െ
ଶேߠܣ݅ sin ߜଶேߠ
2݇ଶሺ݇ଶ െ ݇ଵேሻ

൅ ߜܣ݅ cos ൩ߜଶேߠ
1

ାܲሺ݇ଵேሻ
                                                 ሺ17ሻ 

 
Similarly we find out   ݒᇱതതതതଶషሺ݌ሻ.  
 
The reflected Love wave [3] is given by 
,ݔଶሺݒ ሻݖ ൌ ܣ cos ଶேߠ ሺܼ ൅  ;  ሻ݁ି௜௞భಿ௫ܪ
ݔ   ൏ 0,   െ ܪ ൑ ݖ ൑ െ݄ ,                                              (18) 
 
where 

ܣ ൌ

൤
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ஶ
௡ୀଵ െ

஺ ୱ୧୬ ఏమಿఋሺ௞మା௞భಿሻ

ఏమಿ௉శሺ௞మሻ
൨

ୱ୧୬ ఏమಿఋ௉శሺ௞భಿሻ

ఏమಿఋ ୡ୭ୱ ఏమಿு ೏
೏೛

ሾ௙భሺ௣ሻሿ೛సೖభಿ

    (19)  

where 
ௗ

ௗ௣
ሾ ଵ݂ሺ݌ሻሿ௣ୀ௞భಿ ൌ

ቂఏభಿுାఊ

ఏభಿ
cos ܪଶேߠ ൅ ଵାఊఏభಿு

ఏమಿ
sin  ቃ,                           (20)ܪଶேߠ

 
and amplitude of reflected Love waves is given by taking 
modulus of  A. 
 

II   MATHEMATICAL COMPUTATION AND GRAPHS 

For finding the variation of amplitude with respect to wave 
number of reflected Love waves , mathematical computation 
has been done and graph have been drawn by taking barriers 
of different sizes. For numerical computation, take h = 0.49 

km.  2 = ߛ  ,  ଶܸ
ଵܸ

ൗ   =  3 4ൗ  ,  ݇ଵே = ݇ଶ, Z = - H and  ݇ଶߜ  very 

small. The graphs showing the variation of amplitude versus 
wave number of reflected Love waves are being plotted by 
taking the barriers of different sizes and is shown in figures 
from fig. 2 to fig. 7. Fig. 8 shows the comparison of all the 
graphs. 
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Fig.2. Variation of amplitude versus wave number for 0.01 = ߜ km.

 

Fig.3. Variation of amplitude versus wave number for 0.06 = ߜ km 

 
Fig.4. Variation of amplitude versus wave number for 0.11 = ߜ km     

 
Fig.5. Variation of amplitude versus wave number for 0.16 = ߜ km  

 

 
 
Fig 6. Variation of amplitude versus wave number for ߜ   = 0.51 km 

 
Fig.7. Variation of amplitude versus wave number for 1.01 = ߜ km 
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Fig.8.Variation of amplitude versus wave number for different values of δ 

III. DISCUSSION AND CONCLUSIONS 

     The amplitude of reflected Love wave is given by (19) by 
taking its modulus value. The variation of amplitude with 
wave number of reflected Love waves in the surface layer - 
H≤ Z ≤ 0, has  been shown by graphs. For computation and 
graphical purpose we have fixed h = 0.49 km. and graphs 
have been plotted by taking H = 0.50, 0.55, 0.60, 0.65, 1.00, 
1.50 km. From all the graphs plotted we conclude that 
amplitude of reflected Love waves falls of rapidly as the 
wave number increases and then it decreases at a very slow 
rate with the increase in wave number and becomes stable at a 
particular value showing that the reflected Love waves take a 
very long time to dissipate making these wave more 
destructive to human life and buildings. It is also clear from 
comparison of graphs that amplitude of the reflected Love 
waves depends upon size of barrier. Taking H = 0.50 km., the 
amplitude attains saturation at 3.0010 (fig. 2) and for H= 0.55 
, it fixes at 3.0030 (fig. 3). If we take H = 1.5, the amplitude 
becomes approximately stable at 5.0032 (fig.7). The 
variation of amplitude with wave number by taking barriers 
of different sizes shows that the behavior of reflected Love 
waves depends on the size of irregularity. In particular, the 
theory presented in this paper shows that larger  the size of 
barrier, larger is the amplitude of reflected wave resulting 
into more energetic reflected Love wave. This explains why 
the regions with more irregularities in earth surface face 
frequent earthquake with high intensity. 
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