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Abstract—In this paper, we apply adaptive control method to derive new results for the global chaos
synchronization of identical hyperchaotic Lorenz systems (2007), identical hyperchaotic Chen systems
(2010) and non-identical hyperchaotic Lorenz and hyperchaotic Chen systems. In this paper, we shall
assume that the parameters of both master and slave systems are unknown and we devise adaptive
synchronizing schemes using the estimates of parametersfor both master and slave systems. Our adaptive
synchronization results derived in this paper are established using Lyapunov stability theory. Since the
Lyapunov exponents are not required for these calculations, the adaptive control method is very effective
and convenient to synchronize identical and non-identical hyperchaotic Lorenz and hyperchaotic Chen
systems. Numerical simulations are shown to demonstrate the effectiveness of the proposed adaptive
synchronization schemesfor the hyper chaotic systems addressed in this paper.
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|. INTRODUCTION

Chaotic systems are dynamical systems that are highly sensitive to initial conditions. The sensitive nature of
chaotic systemsis commonly called as the butterfly effect [1]. Since the seminal work of Pecora and Carroll [2],
chaos synchronization has been studied extensively in the last two decades [2-17]. Chaos theory has been applied
to a variety of fields like physica systems [3], chemica systems [4], ecological systems [5], secure
communications [6-8] etc.

In the recent years, various schemes such as PC method [2], OGY method [9], active control [10-12], adaptive
control [13-14], time-delay feedback approach [15], backstepping design method [16], sampled-data feedback
synchronization method [17], sliding mode control [18], etc. have been successfully applied for chaos
synchronization.

In most of the chaos synchronization approaches, the master-slave or drive-response formalism is used. If a
particular chaotic system is called the master or drive system and another chaotic system is called the slave or
response system, then the idea of the synchronization is to use the output of the master system to control the
slave system so that the output of the slave system tracks the output of the master system asymptotically.

In this paper, we apply adaptive control method to derive new results for the global chaos synchronization of
identical hyperchaotic Lorenz systems ([19], 2007), identical hyperchaotic Chen systems ([20], 2010) and non-
identical hyperchaotic Lorenz and hyperchaotic Chen systems. We assume that the parameters of the master and
dlave systems are unknown
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This paper has been organized as follows. In Section |1, we discuss the adaptive synchronization of identical
hyperchaotic Lorenz systems. In Section |11, we discuss the adaptive synchronization of identical hyperchaotic
Chen systems. In Section 1V, we discuss the adaptive synchronization of hyperchaotic Lorenz and hyperchaotic
Chen systems. In Section V, we summarize the main results obtained in this paper.

II.  ADAPTIVE SYNCHRONIZATION OF IDENTICAL HYPERCHAOTIC LORENZ SYSTEMS

A. Theoretical Results

In this section, we discuss the adaptive synchronization of identical hyperchaotic Lorenz systems ([19],
2006), where the parameters of the master and slave systems are unknown.

Asthe master system, we consider the hyperchaotic Lorenz dynamics described by

% =0(%—X)
X = PX =X = Xy = XX )
X = %% = %
Xy =X X

where X, X,, X;, X, are the statesand O, ﬂ , P, I areunknown parameters of the system.

Asthe dave system, we consider the controlled hyperchaotic L orenz dynamics described by

Yi=0(Y,— V) +Y
Vo =P =Yoo= Ya—ViYs + U, @

Vs =Y.~ BY;+U;
Ya=TY,¥s+U,
where Y,,Y,, Ys, Y, aethe statesand U, U,, U, U, are the nonlinear controllersto be designed.

The four-dimensional system (1) is hyperchaotic when the parameter values are taken as
0=10, f=8/3 p=28 and r=0.1

The state orbits of the hyperchaotic Lorenz system (1) are shown in Fig. 1.
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X, 50 -20 X

Fig. 1 State Orbits of the Hyperchaotic Lorenz System

The chaos synchronization error is defined by
e=Yy—-%, (=1234) (€)
The error dynamicsis easy obtained as
g=0(e-8)+y
& =p8-6-6 -V Y, t XX+,
& =—f8+ V1Y, = XX + U,
&= r(Yzya - szs) +Uu,
Let us now define the adaptive control functions U, (t), U, (t), u,(t) and u,(t) as
u(t)=-6(e,-e)-ke
uz(t) = —,1361 TE+E T YV~ XX — kz%
U3(t) = IB% WY, XX — kses
U, t)= _f(Y2 Ys— X2X3) - k4e4

(4)

©)

where 6,,3,/3and F are estimates of &, 3, p and I respectively, and k;, (i =1, 2,3,4) are positive constants.
Substituting (5) into (4), the error dynamics simplifiesto
& =(0-0)(e-8)-ke
& =(p-pla-ke
&=—~(f-Pe-ke
& = (r =1)(y.¥s —%%) -k,

(6)
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Let us now define the parameter estimation errors as

e =0-0, eﬂ:ﬂ—ﬁ, e,=p-p ad € =r—r )
Substituting (7) into (6), we obtain the error dynamics as
g=¢6(e-8)-ke
& =e,6-ke
. ®)
& =—€,6,—Ks&,

€ =6 (yzys - szs) - k4(:34

For the derivation of the update law for adjusting the estimates of the parameters, the Lyapunov approach is
used.

We consider the quadratic Lyapunov function defined by

1 2 2 2 2 2 2 2 2
V(el,e?,%,e4,ea,eﬂ,ep,er):E(el +E+E+E +El+E+E +€ ) 9)
which is a positive definite function on R®.
We also note that
& =-6, &=-p, & =—p ad & =—1 (10)

Differentiating (9) along the trgjectories of (8) and using (10), we obtain

k-l -k e [a(e -] [ -]

. , (11)
+e,lae-pl+e (VY —%x) -1 ]
Inview of Eq. (11), the estimated parameters are updated by the following law:
c=6(e-8)+ke,
p _ a2
:b:— € +K:€5 (12)
p=eg +ke,

r= e4(Y2y3 - szs) + kaer
where K, K, K; and K; are positive constants.

Substituting (12) into (11), we obtain
V = _k1e12 - kz%z - k385 - kAef - ksei - kee/zi - k7e;2; - keerz (13)
which is a negative definite function on R®.

Thus, by Lyapunov stability theory [21], it isimmediate that the synchronization error €, (i =1,2,3,4) and
the parameter estimation error €,:65,€,,6 decay to zero exponentially with time. Thus, it follows that the

master system (1) and the dave system (2) are completely synchronized and that the parameter estimates
converges to the original values of the system parameters.

Hence, we have proved the following result.
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Theorem 1. The identical hyperchaotic Lorenz systems (1) and (2) with unknown parameters are globally and
exponentially synchronized by the adaptive control law (5), where the update law for the parameter estimatesis

given by (12) and K, (i =1,...,8) are positive constants.m
B. Numerical Results

For the numerical simulations, the fourth-order Runge-Kutta method with time-step h =107"is used to

solve the hyperchaotic systems (1) and (2) with the adaptive control law (5) and the parameter update law (12)
using MATLAB.

For the hyperchaotic Lorenz systems (1) and (2), the parameter values are taken as

0=10, f=8/3, p=28 and r=0.1
Suppose that the initial values of the parameter estimates are

5(0)=2, B(0)=20, p(0)=10 and F(0)=5.
Theinitia values of the master system (1) are taken as

% (0) =18, x,(0)=24, x,(0)=26 and X,(0) = 40.
Theinitia values of the slave system (2) are taken as

y,(0)=29, v,(0)=6, y,(0)=45andy,(0)=15.
Fig. 2 depicts the complete synchronization of the identical hyperchaotic systems (1) and (2).

Fig. 3 shows that the estimated values of the parameters, viz. O, 5’, ,5 and [ converge to the system
parameters 0 =10, f=8/3, p=28and r = 0.1, respectively.
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Fig. 2 Synchronization of the Identical Hyperchaotic Lorenz Systems
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Fig. 3 Parameter Esmates G(t), A(t), A(t), F(t)

IIl.  ADAPTIVE SYNCHRONIZATION OF IDENTICAL HYPERCHAOTIC CHEN SYSTEMS
A. Theoretical Results

In this section, we discuss the adaptive synchronization of identical hyperchaotic Chen systems ([20], 2008),
where the parameters of the master and slave systems are unknown.

Asthe master system, we consider the hyperchaotic Chen dynamics described by

% =a(%—x%)

X, = 4X —10X X, +CX, +4X

Z:X;_b)%&& % 4 (14)
X, =—0dx,

where X, X,, X;, X, arethe statesand &, b, €, d are unknown parameters of the system.

Asthe dave system, we consider the controlled hyperchaotic Chen dynamics described by
Vi=a(y, = y)+u
Y, =4y, —10y,y; +cy, +4y, +u,
Y5 = Y; —by;+ U
Vi = _dyl +U,

(15

where Y,,Y,, Ys, Y, aethe statesand U,, U,, U, U, are the nonlinear controllersto be designed.

The four-dimensional system (14) is hyperchaotic when the parameter values are taken as
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a=35 b=3 ¢c=21 and d=2

The state orbits of the hyperchaotic Chen system (14) are shown in Fig. 4.

X 10010 2 10" -10 %

3 0 -10 X

Fig. 4 State Orbits of the Hyperchaotic Chen System

The chaos synchronization error is defined by

€=y -x%, (i=1234) (16)
The error dynamics is easy obtained as

g=ag-8)+y

e =4¢g _10(Y1y3 - X1X3) +Ce, +4g,+U,
és=—b%+y22—X22+U3
¢, =—deg +u,

(17)

Let us now define the adaptive control functions U, (t), U, (t), U, (t) and u,(t) as
u(t) =-a(e -&)-ke
u, (t) = _491 +1O(Y1Y3 - Xlxs) - 692 - 4e4 - kzez
Uy (t) = be, — y; + %; —ksg
u,(t) = de —k,g,

(18)

where 8, 6 ¢and d are estimates of a,b,cand d respectively, and Kk, (i =1, 2,3,4) are positive constants.

Substituting (18) into (17), the error dynamics simplifiesto
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¢ =(a-a)(e,-8)-ke

& = (C_é)% - kzez

| . (19)
&, =—(b-b)e, -k,

&= —(d- a)el - k4e4

Let us now define the parameter estimation errors as

A A

e, =a—-4 ¢e=b-b,e=c-C ad g, =d—-d (20)
Substituting (20) into (19), we obtain the error dynamics as

g=6e(e-8)-ke

& oae e (21)

6 =—66 K&

€ =66~ k4e4

For the derivation of the update law for adjusting the estimates of the parameters, the Lyapunov approach is
used.

We consider the quadratic Lyapunov function defined by

1
V@ﬁ%%@@“%%@ﬂ:j§+§+§+ﬁ+ﬁ+§+§+%) (22)
which is a positive definite function on R®.
We also hote that
e =-4 =-b &=-C ad & =—d (23)

Differentiating (22) along the trgjectories of (21) and using (23), we obtain

V=—ke -k —ke ke +e,[a(e -6)-a]+e | e -b]
R (24)
+ec[g2—é}+ed [—ele4—d}

Inview of Eq. (24), the estimated parameters are updated by the following law:
a=g(e,-e)+ke,
2
-6 +k,
c=€e’+ke

d

O
Il

(25)

—68, + k&,
where K, K, K, and K; are positive constants.
Substituting (25) into (24), we obtain
V =—ke — k& — k&l —k,&f kel — ko€ — kel — kel (26)
which is a negative definite function on RE.

Thus, by Lyapunov stability theory [21], it isimmediate that the synchronization error €, (i =1,2,3,4) and

the parameter estimation error €,,€,, €., €, decay to zero exponentialy with time.
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Hence, we have proved the following result.

Theorem 2. The identical hyperchaotic Chen systems (14) and (15) with unknown parameters are globally and
exponentially synchronized by the adaptive control law (18), where the update law for the parameter estimatesis

given by (25) and K, (i =1,...,8) are positive constants.m
B. Numerical Results

For the numerical simulations, the fourth-order Runge-Kutta method with time-step h =107Cis used to

solve the hyperchaotic systems (14) and (15) with the adaptive control law (18) and the parameter update law
(25) using MATLAB.

For the hyperchaotic Chen systems (14) and (15), the parameter values are taken as
a=35 b=3 c=21 and d=2.
Suppose that the initial values of the parameter estimates are
4(0)=12, b(0)=8, c(0)=20 and d(0)=4.
Theinitia values of the master system (14) are taken as
% (0) =26, x,(0)=35 x,(0)=42 and X,(0)=10.
Theinitia values of the slave system (15) are taken as
y,(0) =19, y,(0)=26, y,(0)=15 and y,(0) =22.

Fig. 5 depicts the compl ete synchronization of the identical hyperchaotic systems (14) and (15).

~

Fig. 6 shows that the estimated values of the parameters, viz. 4, 6,6 and d converge to the system
parameters a=35, b=3, c=21land d = 2, respectively.

Time (sec)

Fig. 5 Synchronization of the Identical Hyperchaotic Chen Systems
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Fig. 6 Perameter Estimates A(t), D(t), &(t), d (t)

IV. ADAPTIVE SYNCHRONIZATION OF HYPERCHAOTIC LORENZ AND HY PERCHAOTIC CHEN SYSTEMS

A. Theoretical Results

In this section, we discuss the adaptive synchronization of non-identical hyperchaotic Lorenz system ([19],
2006) and hyperchaotic Chen system ([20], 2010). We consider the hyperchaotic Lorenz system as the master
system and the hyperchaotic Chen system as the slave system and assume that the parameters of the master and
dave systems are unknown.

Asthe master system, we consider the hyperchaotic Lorenz dynamics described by

X =0(%—x)
. _ Sy —
>f2 PR =X =X = X% )
X3 = XX, = B
Xy = XX,
where X, X,, X3, X, arethe statesand O, ,B , 0, I are unknown parameters of the system.
Asthe save system, we consider the controlled hyperchaotic Chen dynamics described by
Vi = a(yz - yl) +U,
y, =4y, —10y,y, +cy, +4y,+u
y2 yl yl y3 Cy2 y4 2 ( 2 8)

Y3 = yzz_bY3+U3
Y4 =_(jyl"'l'l4

where Y, Y,, Ys, Y, are the states, &,0, C, d are unknown parameters of the system and U, U,,Us,, U, are the
nonlinear controllers to be designed.
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The chaos synchronization error is defined by
E=%1—%X
€&=Y,—%
&=Y:—X%
€& =Y.—X%
The error dynamicsis easy obtained as
g=a(y,-y)—o(X—x)+y
€, =4y, —10y,y; +Cy, + 4y, = PX + X + X, + XX +U,
& =Y, —by,— XX, + X +U,
& = _dyl —GX+U,

Let us now define the adaptive control functions U, (t), U, (t), U, (t) and u,(t) as

(29)

(30)

w(t) =-a(y, - ) +o(x%-x)-ke

U, (1) = =4y, +10Y, Y5 = Cy, —4Y, + PX = % = X, = X% — K,&,
Uy (1) =—y2 + by, + X%, — Bx, — kse,

u,(t)= &yl + %% —K,e,

(3D

A

where OA',ﬁA’,ﬁ,rA,é.,B,é and d are estimates of o,f,p,r,ab,c and d respectively, and Kk,
(i=1,2,3,4) are positive constants.

Substituting (31) into (30), the error dynamics simplifiesto
& =(@-a)(y,~y)—(0-0)(%-x)-ke
&, =(-0y,—(p-p)I% ke,
& =—(b-b)y, +(S-H)x ke,
& =~(d-d)y,~(r -Nxx ke,

Let us now define the parameter estimation errors as

e, =0-G,&=f~f, & =p-p &=r-F

A ~

(32)

(33)
e,=a—-4a, 6 =b-b, e=c-¢ ¢=d-d

Substituting (33) into (32), we obtain the error dynamics as
& =e(Y,-Y¥)-&(x-x)-ke
& =8Y,~6X ke
€ =—6Y; +8% — ke
€ =—6Y,—8XX— k4e4

For the derivation of the update law for adjusting the estimates of the parameters, the Lyapunov approach is
used.

We consider the quadratic Lyapunov function defined by

(34)

1
V:E(ef+g2+e§+ef+e§+e§+e§+er2+e§+e§+ef+e§), (35)
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which is a positive definite function on R*.

We aso note that

A A A

6, =-0, &=-p, & =-p, 6=-1,6=-8 §=-b ¢=-C ¢=-d (36)
Differentiating (35) along the trgjectories of (34) and using (36), we obtain

=k ek -k e [0~ -]

A

+e,|-ex—p|+e[-exx—rf|+e ey, ~-y)-4] (37
+e0[—%y3—6}+ec[ezy2—é]+ed [—e4y1—dﬂ
In view of Eq. (24), the estimated parameters are updated by the following law:
G=-g(%-%)+ke, a=g(¥,~¥)+ke,
f=ex +ke;, b=—eY,+ke8,
p=-ex+ke, C=eY,+k.e

(39)

where K., (i =5,...,12) are positive constants.

Substituting (38) into (37), we obtain

V =k kol ke K~k ke ko€ ko ko€ k& K ko€ (39
which is a negative definite function on R*“.

Thus, by Lyapunov stability theory [21], it isimmediate that the synchronization error €, (i =1,2,3,4) and
the parameter estimation errors €_, eﬁ , ep ,€,€,,6,,€,, €, decay to zero exponentially with time.

Hence, we have proved the following result.

Theorem 3. The non-identical hyperchaotic Lorenz system (27) and hyperchaotic Chen system (28) with
unknown parameters are globally and exponentialy synchronized by the adaptive control law (31), where the

update law for the parameter estimatesis given by (38) and Kk, (i =1,...,12) are positive constants.®
B. Numerical Results

For the numerical simulations, the fourth-order Runge-Kutta method with time-step h =107"is used to
solve the hyperchactic systems (27) and (28) with the adaptive control law (31) and the parameter update law
(38) using MATLAB. For the hyperchaotic Lorenz system (27) and hyperchaotic Chen system (28), the
parameter values are taken as

0=10, f=8/3, p=28,r=01 a=35 b=3 c=21 and d=2.
Suppose that the initial values of the parameter estimates are
5(0)=5, 3(0)=2, p(0)=4, F(0)=6, 40) =10, b(0)=5, 0)=4 ad d(0)=S8.
Theinitia values of the master system (27) are taken as
% (0)=19, x,(0)=42, x,(0)=38 and X,(0)=30.

Theinitia values of the slave system (28) are taken as
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yl(o) =28, Y, (0 =12, Y3 (0) =46 and Ya (0)=17.

Fig. 7 depicts the compl ete synchronization of the non-identical hyperchaotic systems (27) and (28).

100 T T T T T T T T T

Time (sec)

Fig. 7 Synchronization of the Hyperchaotic Lorenz and Hyperchaotic Chen Systems

Fig. 8 shows that the estimated values of the parameters, viz. &, 5’ , 0, F, é,B,éand d converge to the
system parameters 0 =10, f=8/3, p=28,r=0.1, a=35, b=3, c=21and d = 2, respectively.
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Fig. 8 Parameter Estimates G(t), A(t), A1), F(t), &(t), b(t), &(t), d(t)

V. CONCLUSIONS

In this paper, we have applied adaptive control method for the global chaos synchronization of identical
hyperchaotic Lorenz systems (2006), identical hyperchaotic Chen systems (2010) and non-identical
hyperchaotic Lorenz and Chen systems with unknown parameters. The adaptive synchronization results derived
in this paper are established using Lyapunov stability theory. Since the Lyapunov exponents are not required for
these calculations, the adaptive nonlinear control method is very effective and convenient to achieve global
chaos synchronization for the uncertain hyperchaotic systems discussed in this paper. Numerical simulations are
also shown for the synchronization of identical and non-identical uncertain hyperchaotic Lorenz and
hyperchaotic Chen systems to demonstrate the effectiveness of the adaptive synchronization schemes derived in
this paper.
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