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Abstract: In active noise control (ANC) systems, 
there exists an inherent feedback from the loudspeaker 
to the primary microphone. Adjoint least mean square 
(ALMS) algorithm is known to be an alternative to the 
widely used filtered x LMS (FxLMS) for reducing the 
computational complexity and memory requirements, 
especially in the case of multi-channel systems. 
Further FxLMS algorithm is based on the assumption 
that the order of the weighing filter and secondary path 
can be commuted which is not always true in practice. 
Though ALMS do not make such an assumption, 
neither FxLMS nor the ALMS algorithms consider the 
feedback path effect that is inherent in ANC systems.  
We propose a feedback ANC system based on ALMS 
algorithm which is analogous to the system based on 
FxLMS. Detailed computational complexity analysis 
for addition and multiplication requirements is 
presented and are compared with those of its 
counterpart to establish its usefulness. Simulation 
results show the convergence characteristics of the 
ALMS based ANC with feedback path modeling is on 
par with that based on FxLMS. 
 
Index Terms: Active noise control (ANC), feedback 
path effect, Filtered–x LMS (FxLMS) algorithm, 
Adjoint LMS (ALMS) algorithm, computational 
complexity. 
 
1. Introduction 
 
Active noise control (ANC) has been a field of 
growing interest over the past few decades [1]. The 
underlying principle of ANC system is the 
superposition of the noise signal that is to be 
suppressed (called the primary noise) and the anti-
noise signal. The anti-noise signal must have the same 
amplitude as that of the primary noise, but with an 
opposite phase [1,2]. The implementation is generally 
very complex, especially when the overall system 
parameters change dynamically. 
 
 In ANC applications such as duct of an air-
conditioning system, there exist an inherent feedback 
from the loudspeaker (used for generating anti-noise 
signal) to the reference microphone. Several 
algorithms have been proposed in the literature for the 
active mitigation of the noise, of which some of them 
are computationally less intense, [3] but does not take 
into consideration the feedback that exist from the 

secondary source to the reference microphone. Other 
algorithms that are recent and quite useful in the 
nonlinear noise case systems can be seen in [4, 5] but 
they also does not consider the feedback path effect. 
Of the several methods proposed in the literature, to 
compensate the effect of feedback, the very recent one 
by M. T. Akhtar et. Al., [6, 7] appears to be the best 
which is based on FxLMS. In the literature, adjoint 
least mean square (ALMS) algorithm is known to be 
an alternative to the widely used FxLMS for reducing 
the computational complexity and memory 
requirements [8, 9].  We propose a feedback ANC 
system based on ALMS algorithm which is analogous 
to a similar system based on FxLMS.   
 
The positive features of ALMS as given in [8, 9] are 
preserved in the proposed ALMS based ANC with 
feedback path modeling. In practice the secondary 
path changes with time, which necessitates the online 
secondary path modeling. The advantage with the 
ANC structure given in [6, 7] and also in the proposed 
algorithm is that it can be easily extended to include 
the online secondary path modeling.   
 
The organization of this paper is as follows: Section 2 
gives a brief review of the existing ANC with online 
feedback path modeling based on FxLMS. In Section 
3, the adjoint LMS algorithm replaces the FxLMS 
used in Section 2. Computational complexity of 
ALMS with and without online feedback path 
modeling is summarized in Section 4 and is compared 
against those of the ANC with feedback path modeling 
based on FxLMS. Appropriate MATLAB simulations 
are shown in Section 5. Section 6 concludes the paper.  
 
Notation convention: 

           ( )x n :  Input signal which upon filtering with adaptive   

                        filter ( )W z  yields the anti-noise signal, ( )y n  

 ( )r n :   Reference noise signal generated by  
               noise source. 
 ( )e n :    Residual error at the n th time instant. 

 ( )fy n :  Feedback component due to the  
                 anti-noise signal. 
 ( )fv n :  Feedback component due to the modeling 

                 signal ( )v n .  
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(8)], as in the FXLMS algorithm.  An adaptive noise 
cancellation (ADNC) filter, ( )H z , is used to remove 
the disturbance in the desired response of the FBPM 
filter.  The output of the ADNC filter ( )H z  is given 
by 

 ( ) ( ) ( )
h

T
Lu n n n= h y  ,                        (5) 

 
where  ( ) ( ) ( ) ( )0 1 1h

T
Ln h n h n h n−⎡ ⎤= ⎣ ⎦h     . . .   

 
and 

( ) ( ) ( ) ( )1 2
h

T

L n y n y n y n Lh
⎡ ⎤= − − −⎣ ⎦y     . . . . 

 
An estimate of the feedback component due to white 
noise ( )v n  is given by 
 

  ( ) ( ) ( )T
fv n n n= f v  , ˆˆ                         (6) 

 
where   

( ) ( ) ( ) ( )1 1
T

fn v n v n v n L⎡ ⎤= − − +⎣ ⎦v       . . . . 

 
The three adaptive filters are updated as outlined in the 
following equations: 
 
           ( ) ( ) ( ) ( )1 wn n e n nμ ′+ = +w w x  ,         (7) 
  where     

    ( ) ( ) ( ) ( )1 1
T

n x n x n x n La
⎡ ⎤′ ′ ′ ′= − − +⎣ ⎦x     . . .   

 
        and              ( ) ( ) ( )

a

T
Lx n n n′ = a x  ˆ .           (8) 

 
    ( ) ( ) ( ) ( ) ( )1 f f fn n d n v n nμ ⎡ ⎤+ = + −⎣ ⎦f f vˆ ˆ ˆ    (9) 

 
           ( ) ( ) ( ) ( )1

hh f Ln n d n nμ+ = +h h y      (10) 
 
 
3.  Proposed online feedback path modeling for 
ANC with ALMS algorithm 
 
For the ALMS based system, the part enclosed  within 
the dashed block, marked ‘Q’ in Fig. 1 gets modified 
to that shown in Fig. 2, from which it can be seen that 
to compensate for the secondary path effect a block of 

( ) ( )1Z A z R zβ− − =ˆ  is placed as in Fig. 2.  The delay 

factor Z β−   has been introduced to maintain causality, 
because ( )1A z−ˆ  may turn out to be non-causal. Then 

to match this delay in the error path, a delay element 
Z β−  is introduced in place of the secondary path 

estimate, ( )A zˆ
 in the process of getting ( )x n′ ,as 

shown  in Fig. 2. 
 
With these modifications in effect, the equations  
(1) – (10) are still valid except (7), (8) and we further 
have, 
  
    ( ) ( ) ( ) ( )1 wn n e n nμ β′+ = + −w w x ,       (11) 
where,   

 ( ) ( ) ( ) ( ) ( )1

0

M

k
n

e n A z n e n a n e n β−

=

′ = = −∑ˆ ,     (12) 

β and M are chosen so as to maintain causality as 
discussed in [8].                                             
The filtered error ( )e n′ is obtained by filtering the 

error ( )e n   by ( ) ( )1R z A z n−= ˆ , . ( )1A z n−ˆ ,  is 

obtained by replacing z with 1z−  in the causal 
secondary path estimate ( )A zˆ and then multiplying  

the result with z δ−   (δ  should be non-negative 
integer and  as minimum as possible) so that it 
becomes a causal filter.  
 
Table 1: Computational complexity contributed by 
various equations 
 

 
4    Computational complexity 
 
The computations contributed by various equations are 
listed in Table 1. This shows the total number of 
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Number of 
multiplications with 
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multiplications and additions required per output 
sample by the Akhtar‘s method based on FxLMS and 
the proposed method based on ALMS algorithm. The 
unfilled cells indicate that the corresponding equations 
are not relevant for the particular method. By choosing 

w f h aL L L L= = =  we obtain the number of 
multiplications and additions for both FxLMS and 
ALMS methods to be 8 wL  and 8 2wL −  respectively.  
For a specific case with w f h aL L L L= = = =128, we 
need 1024 multiplications and 1022 additions.  

5    Simulations 

The FxLMS based ANC algorithm with online 
feedback path modeling is simulated with the 
following specifications to check its convergence 
characteristics.  
The primary path, secondary path and feedback path 
transfer functions are taken respectively as: 
 ( ) 5 6 70.71 0.59 0.9P z z z z− − −= − + ,  

( ) 6 70.5A z z z− −= − + and  

( ) 5 6 70.01 0.9 0.09F z z z z− − −= − + .  

The step sizes are chosen to be wμ  = 0.06, hμ = 0.06 
and fμ = 0.9.  
 
Experiment 1:  Random input: 
 
The random input is generated with 1,00,000 samples 
in the range of [-0.5, 0.5] with zero-mean. The 
normalized mean-square error in dB (NMSE) plot is 
drawn by considering an average of 20 independent 
trials and is shown in Fig. 3. It is seen that the 
performance regarding convergence is equivalent in 
both the ALMS and FxLMS based ANC systems 
when feedback path effect is considered. The weight 
convergence is shown for the two algorithms in Fig. 4, 
from which an interesting conclusion can be made. 
Though the error curves in Fig. 3 almost coincide, the 
weight curve does not (and need not be). The 
important thing is that individually both the weight 
curves converge to some finite value.  
 
Experiment 2: Chaotic input: 
 
 Chaotic input is generated by using the recursive 
relation     
                                                                   
 ( ) ( ) ( )( )1 1x n x n x nλ+ = − ,                              (13) 
 
 with 4λ =  and ( )0 0 9x = . , which is a non-linear 
relation. The simulation result for this noise input is 
given in Fig. 5 which shows the convergence of the 
NMSE, computed over 20 independent trials.  
 
 

 

 
 
 
Fig. 3: ANC system with feedback path modeling 
based on ALMS (Red) and FxLMS (Blue) algorithm 
for random input. 
 

 
 
Fig. 4: Weight convergence for the ANC system with 
feedback path modeling based on ALMS (Red) and 
FxLMS (Blue) algorithm for random input. 
 
Experiment 3: Chaotic input with variable system 
parameters: 
 
The primary, secondary and feedback path transfer 
functions are varied deliberately after some iterations 
to   
 
( ) ( )6 7 6 70.1 0.3 , 0.4 0.9P z z z A z z z− − − −=− + =− +   

 
and  
 
( ) 5 6 70.005 0.9 0.09F z z z z− − −= − + . 

 
This is done to test the robustness of the algorithm to 
sudden changes in the system parameters.  The 
simulation result is given in Fig. 6 which gives the 
convergence of NMSE, computed over 20 independent 
trials. 
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 Fig. 5: ANC system with feedback path modeling 
based on ALMS (Red) and FxLMS (Blue) algorithm 
for chaotic input  

 

 
 
Fig. 6: ALMS (Red) and FxLMS (Blue) based ANC 
system with feedback path modeling with variable 
plant parameters for chaotic input. 
 
6    Conclusions 
 
It is known that the convergence characteristics of the 
ALMS based ANC are similar to those based on 
FxLMS when feedback path effect is not considered. 
By the proposed method it is observed that the same is 
valid in the case of ANC where the feedback effect is 
considered. Further it is observed that the number of 
computations remain unchanged for the proposed 
system based on ALMS with respect to its FxLMS 
counterpart for the single input single output (SISO) 
system. Computational savings are anticipated in the 
multichannel version based on ALMS in comparison 
to the FxLMS counterpart.  FxLMS algorithm is based 
on the assumption that the order of the weighing filter 
and secondary path can be interchanged and it is only 
then the number of computations gets reduced in 
FxLMS. Otherwise the ALMS will have less 
computations than in FxLMS based system. Moreover 
the change of order of blocks is not always possible in 
many ANC applications. Proposed algorithm based on 
ALMS is free from such assumptions and hence is 
more robust. 
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